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Let ‰ be a CW-complex with a single 0-cell, let K be its Kan group, a free simplicial group whose geometric
realization is a model for the space )‰ of based loops on ‰, and let G be a Lie group. By means of simplicial and
cosimplicial techniques involving fundamental results of KanÕs and the standard …- and bar constructions, we
obtain a weak G-equivariant homotopy equivalence from the geometric realization DHom(K,G)D of the cosimplicial
manifold Hom(K,G) of homomorphisms from K to G to the space Mapo(‰,BG) of based maps from ‰ to the
classifying space BG of G where G acts on BG by conjugation. Thereafter we carry out an explicit purely Þnite
dimensional construction of generators of the equivariant cohomology of the geometric realization of Hom(K,G)
and hence of the space Mapo(‰,BG) of based maps from ‰ to the classifying space BG of G. For a smooth manifold
‰, this may be viewed as a rigorous approach to lattice gauge theory, and we show that it then yields, (i) when
dim(‰)"2, equivariant de Rham representatives of generators of the equivariant cohomology of twisted repres-
entation spaces of the fundamental group of a closed surface including generators for moduli spaces of semi-stable
holomorphic vector bundles on complex curves so that, in particular, when G is compact, the known structure of
stratiÞed symplectic space on the twisted representation spaces results and (ii) when dim(‰)"3, equivariant
cohomology generators including a rigorous combinatorial description of the Chern—Simons function for a closed
3-manifold. The latter is illustrated by a calculation of the Chern—Simons invariants for ßat SU(2)-connections
over 3-dimensional lens spaces. ( 1999 Elsevier Science Ltd. All rights reserved.
INTRODUCTION
In gauge theory, one usually studies the space of gauge equivalence classes of connections
on a principal bundle or suitable subspaces thereof. The geometry of the space of connec-
tions is quite simple since it is an aƒne space. However, the naive incarnation of this space
as that of smooth connections usually does not have enough points, and suitable choices of
topologies and of completions must be made, depending on the concrete problem under
consideration. This then leads to rather intricate analytical problems. The miracle is that
these disappear on the space of gauge equivalence classes of connections. The present paper
provides a step towards an explanation for this. Ordinary gauge theory could be viewed as
non-abelian singular cohomology and, in a sense, we o⁄er here a corresponding cellular
approach: Let ‰ be a Þnite CW-complex with a single 0-cell which arises from a decomposi-
tion of a smooth manifold, and let G be a Lie group. From the CW-structure, we construct
a purely combinatorial model for the space of based gauge equivalence classes of G-
connections on ‰. Thereafter we carry out an explicit purely Þnite dimensional construction
of the multiplicative generators of the G-equivariant de Rham cohomology of our combina-
torial model. This construction could be viewed as a rigorous approach to lattice gauge
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theory. As an application, we give a purely combinatorial description of the Chern—Simons
function for a closed 3-manifold which we then illustrate by a calculation of the
Chern—Simons invariants for ßat SU(2)-connections over 3-dimensional lens spaces.
We now explain the contents of the paper in some more detail. Thus ‰ denotes a Þnite
CW-complex with a single 0-cell, and G is a Lie group, not necessarily connected. Let K be
the Kan group on ‰ [38]; this is a simplicial group whose geometric realization is a model
for the space )‰ of based loops on ‰. By means of simplicial and cosimplicial techniques
involving fundamental results of KanÕs [38] and the standard …- and bar constructions, we
will obtain a G-equivariant map ’ from the geometric realization DHD of the cosimplicial
G-manifoldH"Hom(K,G) to the space Mapo(‰,BG) of based maps from ‰ to BG; here
and henceforth G acts on G, Hom(K,G), BG, and Mapo(‰,BG) by conjugation. Our Þrst
result, Theorem 1.7 below, will say that ’ is a weak homotopy equivalence. Thus H dis-
cretizes the space Mapo(‰,BG) in such a way that the domain of ’ gives a complete set of
combinatorial data which determine a bundle with a based gauge equivalence class of
connections; the latter is given by the value of the data in Mapo(‰,BG) under ’. When ‰ is
a sphere Sq, q*1, with its customary CW-decomposition with only two cells, the map
’ boils downto the standard relationship between Mapo(Sq~1, G) and Mapo(Sq, BG):
Mapo(Sq~1, )BG) induced by the map from G to the space )BG which is induced
by suspension.
In general, every topological type of principal G-bundle on ‰ gives rise to a
group of based gauge transformations; topologically, the space DHD amounts to the
union of the classifying spaces for these groups, one such space for each topological type.
Here the universal G-bundle EGPBG is understood endowed with the appropriate
universal connection. This is not the universal connection in the sense of [49]. The universal
G-bundle is the geometric realization of a simplicial principal G-bundle, and the universal
connection in the sense to be used here is a certain ÔÔsimplicial connectionÕÕ; this notion has
already been used by Shulman in his thesis [59] and elsewhere in the literature; see Section
5 below for details. Thus a based ÔÔsmoothÕÕ map from ‰ to BG determines a based gauge
equivalence class of connections on its induced bundle. For a q-sphere, the space of based
maps from a (q!1)-sphere to G has already been taken as a model for the space of based
gauge equivalence classes of G-connections on the q-sphere at various places in the
literature, cf. e.g. [6] (2.3). Our construction o⁄ers a generalization thereof, to arbitrary
(Þnite) CW-complexes ‰, where it yields a kind of gauge theory on ‰. A space similar to DHD
has been studied in [25].
Sections 2 and 3 are devoted to gaining some insight into the geometric realization DHD
of H for a CW-complex ‰ arising from a suitable decomposition of a topological surface
and from that of a 3-manifold ‰, respectively; this will then enable us to derive explicit
descriptions of our combinatorial Chern—Simons function in Section 11 below. In the
3-manifold case, the explicit description of the geometric realization DHD involves the
classical low dimensional topology notion of identity among relations introduced by Pei⁄er
and Reidemeister to describe the elements of the second homotopy group of a 3-manifold;
see Section 3 below for details. This somewhat establishes a link between classical algebraic
topology and the more recent gauge theory developments in low dimensions.
Why do we resort to the space DHD at all? Our approach includes generalizations of
certain extended moduli space constructions [28, 29, 33, 34] to arbitrary smooth bundles
over arbitrary smooth manifolds; it yields the ÔÔgrand uniÞed theoryÕÕ for a general bundle on
an arbitrary compact smooth Þnite dimensional manifold searched for by Weinstein [64]
and established by Je⁄rey [35] for the special case of a trivial bundle over a closed surface ‰.
For intelligibility, we recall that, given an invariant symmetric bilinear form on the Lie
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algebra of G, for the fundamental group n of a (topological) surface, a smooth symplectic
manifold M together with a hamiltonian G-action is said to be an extended moduli space
[28, 30, 33], provided the spaces of twisted representations of n in G arise from M by
symplectic reduction, the requisite symplectic structures (or more generally Poisson struc-
tures, or stratiÞed symplectic structures when G is compact) on these representation spaces
being determined by the given invariant symmetric bilinear form on the Lie algebra. The
extended moduli space constructions carried out in the cited references rely on the fact that
a closed topological surface di⁄erent from the 2-sphere has a combinatorial model which
can entirely be described in terms of the fundamental group since such a surface is an
Eilenberg—Mac Lane space. Now, for a bundle on an arbitrary space ‰, such a naive
approach will fail when ‰ is not an Eilenberg—Mac Lane space. Our principal innovation is
to take as combinatorial model for ‰ or as its discretization the simplicial nerve (or bar
construction) of the Kan group K on ‰. It is a standard fact that based gauge equivalence
classes of ßat connections may be described by their holonomies; in a sense, the cosimplicial
manifoldH of homomorphisms from K to the structure group G furnishes such a relation-
ship for arbitrary connections. This statement can be made much more precise: The
geometric realization DKD of K is a topological group and the geometric realization of the
cosimplicial manifold H of homomorphisms from K to G amounts to the space of
continuous homomorphisms from DKD to G. NowH"Hom(K,G) is a smooth cosimplicial
manifold which is Þnite dimensional in each degree. We do not know how to manufac-
ture—this would be somewhat more naive—such a model with Hom()‰,G) instead of
Hom(K,G). The Þnite dimensionality of H in each degree will be crucial in the rest of the
paper. It will, for example, enable us to construct, cf. Section 8 below, an algebra of forms on
the geometric realization of H.
To this end we give, in Section 4, a general construction of equivariant forms on spaces
of representations of a groupoid in G. In Section 5 we explain, in a form tailored to our
purposes, the known construction of forms on the realization of the simplicial model of the
classifying space of G. In Section 6 we study the nerve of a free simplicial groupoid. In
particular, for a free simplicial group K which is the Kan group of a reduced CW-complex
‰, we give an explicit identiÞcation of the homology of the realization of the nerve of K with
that of ‰. In Section 7 we combine the material from Sections 4—6 to construct equivariant
forms on spaces of representations of free simplicial groupoids. These forms live on the
simplicial di⁄erential graded de Rham algebra of the cosimplicial spaceH. In Section 8 we
then carry out a construction of equivariant de Rham forms on the geometric realization of
the cosimplicial space H. This construction requires a suitable interpretation of forms on
mapping spaces. Such an interpretation is provided by the theory of di⁄erentiable space
[16, 17] or, what amounts to the same, that of ÔÔdi⁄eologicalÕÕ space (ÔÔespace di⁄e« ologiqueÕÕ)
[60, 61], where forms on mapping spaces admit a purely Þnite dimensional interpretation in
terms of what are called plots [16, 17] or ÔÔplaquesÕÕ [60, 61]. The forms on the geometric
realization of H are now obtained in the following way: Integration yields an equivariant
morphism of di⁄erential graded algebras from the realization of the equivariant simplicial
de Rham algebra of H to the equivariant de Rham algebra of the geometric realization of
H. The forms on the geometric realization ofH are then obtained as images of forms in the
realization of the simplicial de Rham algebra of H under the integration mapping. When
‰ arises from a smooth manifold, our construction of forms may be viewed as a rigorous
approach to lattice gauge theory, whereby plots admit a natural interpretation as
(equivariant) families of principal bundles with connection; see Remark 8.3 below for details.
In Sections 9—12 we o⁄er various applications; these applications may be viewed as
classical topological Þeld theory constructions: In Section 9 we show that, when ‰ is
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a surface, suitable equivariant plots yield those extended moduli spaces (mentioned above)
which have already been obtained in [28, 30, 33] by other means. In Section 10, we spell out
the multiplicative generators of the de Rham cohomology of the geometric realization of
H"Hom(K,G); since this is a smooth Þnite dimensional manifold in each cosimplicial
degree, the construction is purely Þnite dimensional: every constituent (there are only Þnitely
many) of the de Rham form under consideration will be constructed on a piece of Þnite
dimension. A concise statement is given in Theorem 10.1 below where explicit forms will be
o⁄ered representing (multiplicative) generators for the equivariant cohomology ring. We
then give various illustrations of this construction: We indicate how (i) it yields explicit
representatives for (equivariant) multiplicative generators of the cohomology of moduli
spaces of twisted representations of the fundamental group of a closed surface; and (ii)
a combinatorial description of the Chern—Simons function for an arbitrary closed manifold.
In Theorem 11.2 below, for the case where ‰ is a 3-manifold, we make our description of the
Chern—Simons function quite explicit in terms of arbitrary plots. In a Þnal section
we illustrate our results by a calculation of the Chern—Simons invariants for ßat
SU(2)-connections over 3-dimensional lens spaces, thereby conÞrming a computation done
already in [26]. Our combinatorial description of the Chern—Simons function is perhaps the
main and most important application of the methods of this paper; it answers a question
raised by Atiyah on p. 71 of [2] where he comments on a possible combinatorial approach
to the path integral quantization of the Chern—Simons function. Such an approach (not yet
complete) might go as follows: Given a plot F :…PDHom(K,G)D, together with a function
( from … to S1 corresponding to the Chern—Simons function, the oscillatory integral
P
W
(dm
now makes perfect sense where dm refers to a suitable measure on the smooth Þnite
dimensional manifold …. Perhaps there is a way to arrive at a certain limit of these
numbers, taken over all plots. Moreover, there is no problem incorporating Wilson lines in
this ÔÔpathÕÕ integral since, for a suitable cell decomposition (of the 3-manifold ‰ ) with more
than a single vertex, these correspond to certain free generators of the corresponding Kan
groupoid. We hope to return to these issues elsewhere. Perhaps a suitable quantization now
leads to 3-manifold invariants of the Witten—Reshetikhin—Turaev kind. When the domain
… of the plot under consideration contains the space of based gauge equivalence classes of
ßat connections, by analogy with the case of twisted representations of the fundamental
group of a surface, we may call … together with the function ( from … to the circle S1 an
extended moduli space for the Chern—Simons function for the 3-manifold ‰. In general, we
should like to advertise the (somewhat vague) idea that suitable equivariant plots serve as
extended moduli spaces.
In a recent paper by Caetano and Picken [14], a certain topological group with a kind
of smooth structure has been introduced which serves as a model for the based loop space,
and one can then study the space of homomorphisms into the structure group G; this space
is weakly homotopy equivalent to the space denoted above by DHD. Our approach in terms
of the Kan group has the advantages of being purely Þnite dimensional and hence being
directly related with lattice gauge theory.
Some historical comments about the origin of the present purely Þnite dimensional
techniques may be in order: Extending an approach by Karshon [41], Weinstein [64]
constructed a closed equivariant 2-form on (the smooth part) of certain spaces of homomor-
phisms Hom(n, G) from the fundamental group n of a closed surface to a Lie group G with
a biinvariant metric and showed by techniques from equivariant cohomology [5] that this
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2-form descends to (the non-singular part of ) Rep(n,G). In [28, 33, 34], WeinsteinÕs method
has been reÞned so as to yield a corresponding extended moduli space; this approach has
been generalized thereafter in [27, 29] to more general planar groups than just surface
groups so that for example moduli spaces of parabolic bundles can be obtained by
symplectic reduction applied to appropriate extended moduli spaces. Another generaliz-
ation, worked out in [35], yields explicit representatives for certain (multiplicative)
cohomology generators for various moduli spaces over a surface; similar explicit represen-
tatives have been constructed by Newstead [50] for the group SU(2). For any U(n),
(multiplicative) cohomology generators have been given by Atiyah—Bott [4] by di⁄erent
methods (involving inÞnite dimensional techniques); in the algebro-geometric context, the
corresponding spaces arise as moduli spaces of certain semi-stable holomorphic vector
bundles on complex curves or, more generally, of semi-stable parabolic vector bundles when
the curve is allowed to have punctures. The variation of the resulting Poisson structure in
this more general case (which has been constructed in [27]) has been studied in our paper
[32] by methods related to those in the present paper.
Our approach is actually more general than those in [28, 29, 33—35] since it applies to
a bundle over an arbitrary smooth compact manifold via a cell decomposition or triangula-
tion as explained above. Formally it is not even necessary to know that the simplicial group
we are working with arises from a smooth manifold; we will therefore expose the theory for
an arbitrary simplicial group or groupoid. In this way we arrive at a kind of gauge theory
over arbitrary CW-complexes. By means of the simplicial groupoid constructed in [23] for
an arbitrary connected simplicial set, the present approach can be extended to arbitrary
connected simplicial complexes, in particular, to triangulated smooth manifolds.
In general, our purely Þnite dimensional construction of multiplicative generators of the
real cohomology ofH and hence of Mapo(‰,BG) yields multiplicative generators of the real
cohomology of corresponding o⁄spring moduli spaces. For example, from such a space,
Donaldson polynomials may be obtained (not explained in this paper) by evaluation
against suitable fundamental classes corresponding to moduli spaces of ASD connections.
We hope to return to this issue elsewhere.
Any unexplained notation is the same as that in our paper [28]. Details about
cosimplicial spaces may be found in [10, 12]. All spaces are assumed to be compactly
generated, that is to say, a set that meets every compact set in a closed set is itself closed.
1. THE COMBINATORIAL MODEL
In this section we construct our combinatorial model for the space of based maps from
a CW-complex ‰ to the classifying space BG of a Lie group G and hence for the space of
based gauge equivalence classes of G-connections on ‰ (the notion of G-connection to be
interpreted with a grain of salt when ‰ does not arise from a smooth manifold). This model
crucially involves the notion of Kan group [38] for a CW-complex, not to be confused with
that of Kan group for a reduced simplicial set [37] which is much better known than the
former notion, and relies on cosimplicial techniques.
Write * for the category of Þnite ordered sets [q]"(0, 1,2, q), q*0, and monotone
maps. We recall the standard coface and codegeneracy operators
ej : [q!1]P[q], (0, 1,2, j!1, j ,2, q!1)´ (0, 1,2, j!1, j#1,2, q),
g j : [q#1]P[q], (0, 1,2, j!1, j,2, q#1)´ (0, 1,2, j, j,2, q),
respectively. As usual, for a simplicial object, the corresponding face and degeneracy
operators will be written d
j
and s
j
. Recall that a cosimplicial object in a category C is
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a covariant functor from * toC. For example, the assignment to [q] of the standard simplex
+[q]"*
q
yields a cosimplicial space +; here we wish to distinguish clearly in notation
between the cosimplicial space + and the category *. Let G be a Lie group, and let K be
a free simplicial groupoid, for example a free simplicial group. The simplicial structure of
K induces a cosimplicial manifold structure on the groupoid homomorphisms Hom(K,G)
from K to G; here G is viewed as a groupoid with a single object. For q*0, we
write henceforth H
q
"Hom(K
q
, G) so that H"Hom(K,G) may be depicted as
MH
0
, H
1
,2,Hq,2N with the requisite smooth maps between the constituents induced by
monotone maps between Þnite sets.
The geometric realization DHD ofH, cf. [10, 12], is the space DHD"Hom*(+,H); this is the
subspace of the inÞnite product
H
0
]Map(*
1
, H
1
)]2]Map(*q, Hq )]2 (1.1)
consisting of all sequences (/
0
,/
1
,2, /q,2) having the property that, for each monotone
map h : [i]P[ j], the diagram
(1.2)
commutes.
When K is countable the geometric realization DKD of K is a topological groupoid, cf. e.g.
[48] where this is proved for simplicial groups. In general, one has to take compactly
generated reÞnements of the product topologies on the spaces where compositions are
deÞned. Henceforth we suppose that K is countable. Then the cosimplicial manifold
H"Hom(K,G) provides a model of the space Hom(DKD,G) of continuous homomor-
phisms from DKD to G. In fact, for q*0, adjointness yields a canonical map from
Map(*
q
, Hom(K
q
,G)) to Map(K
q
]*
q
, G) and, by construction, the space Hom(DKD,G)
canonically embeds into the inÞnite product of the spaces Map(K
q
]*
q
, G); we then have
the following tautology:
PROPOSITION 1.3. Adjointness induces a homeomorphism between Hom(DKD,G) and
DHom(K,G)D.
More formally, the geometric realization DKD is the coend K?*+, cf. e.g. [45], and we
have an adjointness
DHom(K,G)D"Hom*(+, Hom(K,G))PHom(K?*+,G)"Hom(DKD,G).
Until the end of this section, K will exclusively be a free simplicial group. We recall
[38] that a graded set X"MX
0
, X
1
,2N, where Xq-Kq, for q*0, is called a set of ( free)
generators for K provided K is freely generated by X as a simplicial group. That is to say:
1. If q*1 and 0)j(q then L
j
x"e
q~1
, the neutral element of K
q~1
, for every x3X
q
.
2. For each q, the set X
q
together with all the degeneracies s
u
s
v2swx3Kq, for x in some
X
r
, freely generates K
q
(as a group).
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A set X of free generators together with all its degeneracies is then called a CW-basis for
K, and for every q)1 and every x3X
q
, the value L
q
x3K
q~1
is called the attaching element
of x.
Remark. Here we give preferred treatment to the last face operator, as is done in [37,
38]. This turns out to be the appropriate thing to do for principal bundles with structure
group acting on the right of the total space.
It is proved in [38 (2.2)] that every free simplicial group has a CW-basis. By means of
a CW-basis, the geometric realization DHD ofHmay be realized within a space smaller than
(1.1) above. In AndersonÕs terminology [1], the cosimplicial space H is primitive over
the projection maps p
q
from H
q
"Hom(K
q
, G) to P
q
"GXq ; this means that, if a runs over
the (q
k
) surjections from *
q
to *
k
for k(q, the product of p
q
and the p
k
H(a) provides a
homeomorphism
H
q
PP
0
]P(q1)
1
]2]P( qq~1)
q~1
]P
q
.
Given (/
0
,/
1
,2,/q,2) in DHD, for q*0,write tq :*qPPq for the composite of /q with
the projection from H
q
onto P
q
. For q*1,the ÔÔlast coface mapÕÕ eq from [q!1] to [q]
induces the aƒne map from *
q~1
to *
q
which identiÞes *
q~1
with the last face of *
q
, that is,
with the face opposite the last vertex. We now consider the product
GX0]Map(*
1
,GX1)]2]Map(*
q
,GXq )]2. (1.4)
It is Þnite when ‰ is compact. Henceforth we write GXq"e when X
q
is empty.
LEMMA 1.5. „he assignment to (/
0
,/
1
,2, /q,2) of (t0,t1,2, tq,2) induces a
homeomorphism from DHD onto the subspace DHD@ of (1.4) consisting of all sequences
(t
0
,t
1
,2,tq,2) of maps tq whose restriction to all but the last faces of *q has constant
value e3GXq and which satisfy the recursive requirement that, for each q, the diagram
be commutative.
Proof. For k(q, each (aƒne) surjection from *
q
to *
k
induces a continuous map from
Map(*
k
,P
k
) to Map(*
q
, P
k
) and these assemble to a continuous map from Map(*
k
, P
k
) to
Map(*
q
,P(qk)
k
). These maps, in turn, assemble to a continuous map from DHD@ into (1.1) which
yields a continuous inverse of the map from DHD to DHD@. K
Following [38] we will say that a CW-complex ‰ is reduced provided it has a single
0-cell and, for every (q#1)-cell c, the characteristic map p
c
from *
q‘1
to ‰, restricted to the
boundary L*
q‘1
of *
q‘1
, has values di⁄erent from the base point at most on the next to the
last face (this is a necessary technical condition for KanÕs constructions), that is, on the one
opposite to the vertex A
q
where the vertices of *
q‘1
are numbered A
0
,2,Aq‘1. We note
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that it is uncommon to have a CW-complex with cells which are images of simplices but the
present description is an important ingredient for KanÕs results which we will subsequently
use. A twisting function t from the Þrst Eilenberg subcomplex S
1
‰ of the total singular
complex of ‰ to a simplicial group K is said to be regular provided (i) the elements t(p
c
)
where c runs through the cells of ‰ of dimension at least one form the generators of
a CW-basis of K and (ii) for every subcomplex Z of ‰, the image t(S
1
Z) of its Þrst Eilenberg
subcomplex S
1
Z is contained in the simplicial subgroup of K generated by the t(p
c
) for c
in Z.
To any reduced CW-complex ‰, KanÕs construction [38] assigns a free simplicial group
K‰ together with a regular twisting function t from S
1
‰ toK‰ [38] and, furthermore, to
any free simplicial group K, the reverse construction of KanÕs assigns a reduced CW-
complexYK together with a regular twisting function t from S
1
YK to K in such a way that
KYK and K are isomorphic as simplicial groups and that YK‰ and ‰ are homotopy
equivalent; on suitable categories,K andY are functors but we will not need this. We only
note that ‰ and YK‰ have the same cells but the attaching maps may di⁄er.
Let ‰ be a reduced CW complex, with regular twisting function t from S
1
‰ to K. For
each (q#1)-cell c with characteristic map p
c
, since d
j
p
c
is the base point when jOq, the
twisting function t satisÞes
d
i
(tp
c
)"t(d
i
p
c
)"e, 0)i(q
d
q
(tp
c
)"t(d
q
p
c
) t(d
q‘1
p
c
)~1"t(d
q
p
c
)3K
q~1
s
i
(tp
c
)"t(s
i
p
c
), 0)i)q
e
q‘1
"t(s
q‘1
p
c
).
See [38] for details. The cosimplicial structure ofH"Hom(K,G) may now be described as
follows: For each (q#1)-cell c, with characteristic map p
c
, write G
c
for the factor of
H
q
"Hom(K
q
,G) which corresponds to the free generator t(p
c
) of K
q
. For 0)j(q, the
composite of the coface map ej from H
q~1
to H
q
with the projection onto G
c
is trivial while
the composite
H
q~1
"Hom(K
q~1
,G)PG
c
of the coface map eq from H
q~1
to H
q
with the projection onto G
c
is given by the assignment
to a3Hom(K
q~1
, G) of the value a(t (d
q
(p
c
))). The rest of the structure is now completely
determined by the requirement that H be a cosimplicial space.
We now suppose that K"K‰, and that X"MX
0
,X
1
,2N is a set of free generators of
K; for q*0, X
q
amounts to the set of (q#1)-cells of ‰. The regularity of the twisting
function t entails that the total complex of the associated simplicial principal bundle
n : S
1
‰]
t
KPS‰ is contractible whence K"K‰ is a loop complex of S
1
‰ under t. We
now explain what this means for us: The geometric realization of n is a principal DKD-bundle
with base DS
1
‰D. Pick a homotopy inverse u from ‰ to DS
1
‰D of the counit e : DS
1
‰DP‰ of
the adjointness between the realization and singular complex functors. When ‰ is itself the
geometric realization of a (reduced) simplicial set there is a canonical such map u. Whether
or not this happens to be the case, u induces a principal DKD-bundle i : PP‰ on ‰ with
contractible total space P. In particular, a standard homotopy theory construction yields
a map from the (Moore) loop space )‰ to the geometric realization DKD ("DK‰D) which is
an A
=
-map and a homotopy equivalence; here ÔÔA
=
-mapÕÕ means that, for homotopy
purposes, this map is just as good as an honest homomorphism. It is in this sense that DK‰D
is a model for the loop space of ‰.
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Recall that, for an arbitrary topological group H, the lean realization BH"DNHD of its
nerve NH [9, 11, 57] is a classifying space for H, cf. [46, 57, 62]; there is an analogous
construction of contractible total space EH together with a free H-action and projection
map onto BH, and this map is locally trivial provided (H, e) is a neighborhood deformation
retract [63]. Below (H, e) will always be a CW-pair and hence a neighborhood deformation
retract, cf. e.g. the discussion in the appendix to [58], and we will exclusively deal with the
lean realization BH"DNHD.
The twisting function t from S
1
‰ to K determines a morphism tM :S
1
‰P…1 K of
simplicial sets where …1 K refers to the reduced …-construction [47]. Its realization
Dt1 D : DS
1
‰DPD…1 KD, combined with the chosen map u from ‰ to DS
1
‰D, yields a map o from
‰ to D…1 K D. In [8], a canonical homeomorphism between D…1 K D and BDKD has been
constructed which is natural in K. By means of it, we identify henceforth D…1 K D and BDKD.
With these preparations out of the way, the assignment to /3DHom(K, G)D+Hom(DKD,G) of
the composite (B/)o yields a G-equivariant map
’ : DHom(K,G)DPMapo(‰,BG) (1.6)
where G acts on BG by conjugation. By construction, this map assigns to / a classifying
map of the principal G-bundle on ‰ arising from the principal DKD-bundle i via /. An
extreme case arises when G is discrete; the space DHom(K, G)D then boils down to the discrete
space Hom(n
1
(‰),G), each connected component of Mapo(‰, BG) is contractible and, given
a homomorphism / from n
1
(‰) to G, the image of / under (1.6) is a map from ‰ to BG
which induces / on the fundamental groups. In general, the only possible choice the map
’ relies on is that of u.
In general, G-bundles over a classifying space BH of an arbitrary topological group
H are not classiÞed by representations of H in G. Thus the next result indicates that the
geometric realization DKD of the Kan group K has certain special features.
THEOREM 1.7. „he map ’ is a weak G-equivariant homotopy equivalence.
Before proving the theorem, we indicate brießy some of the special features of the
realization of a free simplicial group and hence of that of the Kan group K"K‰ of
a reduced CW-complex ‰: In the category of simplicial groups, the coÞbrant objects are the
free simplicial groups, cf. p. 249 of [56]. Hence, cf. Theorems 1.3 and 3.1 of [56], for a free
simplicial group A and any simplicial group B, simplicial B-bundles over …M A are classiÞed
by (homotopy classes of) homomorphisms from A to B. Our Theorem 1.7 implies the
analogous statement in the topological category, that is, it includes the statement that
G-bundles over B DK D are classiÞed by homomorphisms from DKD to G.
We now begin with the preparations for the proof of Theorem 1.7. Let q*1, and
consider the inclusion of the (q!1)-skeleton ‰q~1 into the q-skeleton ‰q. This is a coÞbra-
tion with coÞbre a one point union sSq of as many q-spheres as ‰ has q-cells. The
statement of the following result, though looking similar to the standard fact that, given
a space Z, the functor Map( ) , Z) turns a coÞbration into a Hurewicz Þbration, is substan-
tially di⁄erent from it and to our knowledge not in the literature.
LEMMA 1.8. „he inclusion of the (q!1)-skeleton into the q-skeleton induces a Hurewicz
Þbration
DHom(K(sSq),G)DPDHom(K‰q,G)DPDHom(K‰q~1,G)D (1.8.1)
for the geometric realizations.
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For a one-point union s„
j
of spaces „
j
, the Kan group K(s„
j
) amounts to the free
product *K„j of the simplicial groups K„j. When ‰q~1 is just the base point, the asser-
tion thus amounts to a homeomorphism between DHom(K(s
Xq
Sq),G)D+DHom(*XqKSq,G)D
and ]
Xq
DHom(KSq,G) D, and there is nothing to prove.
Proof. Let q*2, and suppose that ‰q~1 is more than the base point. Consider the
coÞbration Sq~1PBqPSq of reduced CW-complexes, the spheres Sq~1 and Sq having
obvious such CW-decompositions with two cells. Then (1.8.1) amounts to the standard
Hurewicz Þbration
Mapo(Sq~1,G)PMapo(Bq~1, G)PMapo(Sq~2,G)
with contractible total space. In general, the Þbration (1.8.1) is induced via the attaching
maps for the q-cells of ‰ from the product of such Þbrations involving as many copies as
‰ has q-cells, as indicated in the commutative diagram
(1.8.2)
whose bottom map is induced by the attaching maps of the q-cells of ‰. K
Proof of (1.7). The map ’ is compatible with the CW-structures and hence induces,
for n*1, a commutative diagram
of Þbrations; here ’
n
denotes the map (1.6) for the n-skeleton ‰n of ‰. Since for a one-point
union the Kan group equals the free product of the Kan groups for the factors, in degree
one, the map ’1 amounts to a product of copies of homotopy equivalences of the kind
GP)BG, the number of factors being given by the number of 1-cells of ‰. Likewise, on the
Þbres, the map comes down to a product of copies of maps of the kind
DHom(KSn‘1, G)DPMapo (Sn‘1,BG),
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the number of factors being given by the number of (n#1)-cells of ‰. However,
Mapo(Sn‘1, BG) equals Mapo (SSn,BG) where ÔÔSÕÕ refers to the based suspension operator,
adjointness identiÞes Mapo(SSn, BG) with Mapo(Sn,)BG), and again we are left with
a standard homotopy equivalence
DHom(KSn‘1,G)D"Mapo(Sn,G)PMapo(Sn,)BG).
By induction we can therefore conclude that ’ is a weak homotopy equivalence. This
proves the assertion. K
For intelligibility, we explain brießy the notion of attaching element: We recall [19] that
the homotopy groups of a free simplicial group K may be described as the homology groups
of the Moore complex
MK : M
0
d1$& M
1
d2$& M
2
d3$& 2
of K. Here, for k*1, the group M
k
is the intersection Yk~1
j/0
ker(d
j
) and the operator d
k
in the
Moore complex is the restriction of the last face operator (denoted by the same symbol).
Another custom also in the literature is to take the intersection of the kernels of the last face
operators and to take the Þrst face operator as boundary in the Moore complex. Let
t(p
c
)3X
q
be a free generator corresponding to a (q#1)-cell c of ‰, attached via the map p
c
,
restricted to the boundary of *
q‘1
; the latter represents an element of n
q
(‰q) which, under
the standard isomorphisms between n
q
(‰q), n
q~1
()‰q), and n
q~1
(K‰q), passes to the class
in n
q~1
(K‰q) represented by the value L
q
x3K
q~1
of the attaching element t(p
c
).
For q*1, write H
q
"Hom(K‰q,G) so that in particular H
1
is a product of as many
copies of G as ‰ has 1-cells. For later reference we spell out the following immediate
interpretation of the commutativity of the diagram (1.8.2).
ADDENDUM 1.9. „he skeleton Þltration ‰1-‰2-2-‰k-2 induces a sequence of
Þbrations
2PDH
k
DP2PDH
2
DPDH
1
D (1.9.1)
where, for q*2, the space H
q
is the (homotopy) Þbre of the map
H
q~1
P]
Xq~1
Mapo(Sq~2, G) (1.9.2)
induced by the attaching maps of the q-cells of ‰.
In 2.3 and 3.6 below, for certain special cases, we will indicate explicit descriptions of the
map (1.9.2) in terms of the combinatorial structure of ‰.
Remark 1.10. In [23], the relationship between reduced simplicial sets and simplicial
groups has been extended to one between connected simplicial sets and simplicial
groupoids. By means of it, we intend to generalize elsewhere the above constructions to
arbitrary simplicial complexes and in particular to triangulated smooth manifolds. This will
enable us to remove the notion of reduced CW-complex which is somewhat unnatural for
smooth manifolds, for two reasons:when a smooth manifold is given with a cell decomposi-
tion (with a single 0-cell) arising in some natural way the attaching maps will rarely yield
a reduced CW-complex; furthermore, the natural object to be assigned to a triangulated
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smooth manifold is the Kan groupoid since a triangulation will always involve more than
one vertex.
2. 2-COMPLEXES AND CLOSED SURFACES
Our aim here is to make explicit the structure of the cosimplicial space H when ‰ is
2-dimensional.
Suppose that ‰ is a reduced CW-complex, with a single 0-cell o, with 1-cells u
1
,2um
and 2-cells c
1
,2, cn. For 1)j)m, write xj for the based homotopy class in n1(‰1 ) of
u
j
and, for 1)k)n, write r
k
for the based homotopy class in n
1
(‰1) of the attaching map
for c
k
. Then
P"Sx
1
,2,xm ; r1,2, rnT (2.1)
is a presentation for the fundamental group n of ‰, to each relator r
k
a (reduced) word w
k
in
the generators x
j
being assigned via the attaching map of the corresponding 2-cell c
k
in such
a way that w
k
yields an element of the free group F ("n
1
(‰1)) on the generators. We are
about to see that it will be important to distinguish clearly in notation between the r
k
Õs and
the w
k
Õs, though. We note that when there are no 1-cells, P is to be viewed as a non-trivial
presentation of the trivial group: there is no generator and hence there cannot be a relation
among generators but yet there is a relator corresponding to each 2-cell. In general, the Kan
group K"K‰ for ‰ is the free simplicial group with K
0
"F, with K
1
the free group on
m#n generators s
0
(x
1
),2, s0(xm ), r1,2, rn , the rk being non-degenerate and, for q*2,
K
q
is the free group on a certain number of degenerate generators. Moreover, the only face
operators which are not determined by the simplicial identities are
d
0
(r
k
)"e, d
1
(r
k
)"w
k
, 1)k)n,
and the degeneracy operators are completely determined by the construction itself.
For 1)k)n, we use the notation r
k
(a) for the element of G arising from
a"(a1,2, am )3Gm by substitution of aj for each occurrence of xj in the word wk corre-
sponding to the relator r
k
, and we write
r(a)"(r
1
(a),2 , rn (a))3Gn .
The assignment to a of r
k
(a) and r (a) yields smooth maps
r
k
: GmPG and r : GmPGn, respectively, (2.2)
usually referred to as word maps where Gm is to be interpreted as a single point when
m"0. For later reference we spell out the following explicit description of the geometric
realization.
PROPOSITION 2.3. „he geometric realization DHom(K‰, G) D of the cosimplicial space
Hom(K‰,G) is the subspace of the space
Gm]Map(I, Gn )
consisting of pairs (a,/) satisfying the conditions
/(0)"e, / (1)"r (a)"(r
1
(a),2, rn(a)). (2.3.1)
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Proof. The map (1.9.2) for q"2 boils down to the word map r, and, by virtue of (1.9),
the geometric realization DHom(K‰,G) D of the cosimplicial space Hom(K‰,G) is the
homotopy Þbre of r. This is also seen by inspection of the corresponding diagram (1.8.2) with
q"2. K
The statement of the proposition makes the structure of the homotopy Þbre explicit. For
illustration, we now take ‰ to be a closed topological surface & of genus l*0, endowed
with the standard CW-decomposition with a single 0-cell o, with 1-cells u
1
, v
1
,2, ul , vl , and
with a single 2-cell c. For 1)j)l, write x
j
and y
j
for the based homotopy classes of u
j
and
v
j
respectively, and denote by r the based homotopy class of the attaching map for c, so that
the customary presentation
P"Sx
1
, y
1
,2,xl, yl ; rT (2.4)
of the fundamental group n of & results, where the word corresponding to r is given by
w"%[x
j
,y
j
]. When the genus is zero,P is to be interpreted as a non-trivial presentation of
the trivial group in a sense explained above, with F the trivial group. The Kan group
K"K& for & is the free simplicial group with K
0
"F, with K
1
the free group on 2l#1
generators r, s
0
(x
1
), s
0
(y
1
),2 , s0(xl ), s0(yl) where only r is non-degenerate and, for q*2,
K
q
is the free group on the (2l#q) degenerate generators
s
q
s
q~12s0(xj ), sqsq~12s0(yj ), sjqsjq~12sj1r, q*jq’jq~1’2’j1*0.
Moreover, the only face operators which are not determined by the simplicial identities are
d
0
(r)"e, d
1
(r)"%[x
j
, y
j
],
and the degeneracy operators are completely determined by the construction itself.
The geometric realization DHD of the resulting cosimplicial spaceH"Hom(K,G) is now
the Þbre of the word map induced by the single relator which, since its target involves only
a single copy of G, we denote by r as well (rather than r), and the diagram (1.8.2), with q"2,
boils down to
(2.5)
where )G refers to the space Mapo(S1,G) of based loops as usual and B1 to the closed
interval. In particular, when the genus l is zero, as a space, DHom(K&,G)D is homeomorphic
to )G. This illustrates once more the well known relationship between moduli spaces over
a complex curve and the loop group, cf. [54].
3. 3-COMPLEXES AND 3-MANIFOLDS
In this section, we describe explicitly the cosimplicial space H for a 3-complex ‰, in
particular, for one which arises from a 3-manifold. A crucial role will be played by the low
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dimensional topology notion of identity among relations. See [13] and the literature there
for more details about this notion.
Let ‰ be a reduced 3-complex with a single 0-cell o, for example, a closed compact
3-manifold, endowed with a reduced CW-decomposition with a single 0-cell o, with 1-cells
u
1
,2 , um, 2-cells c1,2 , cn, and 3-cells f1,2 , fl. Extending the notation introduced in the
previous section for the 2-skeleton ‰2 of ‰, for 1)k)l, denote by i
k
the based homotopy
class of the attaching map of f
k
. Then
S"Sx
1
,2 ,xm ; r1,2, rn ; i1,2, ilT (3.1)
is a spine for ‰; in particular, (i) the data
P"Sx
1
,2 ,xm ; r1,2, rnT (3.1.1)
constitute a presentation of the fundamental group n"n
1
(‰)"n
1
(‰2) of ‰ with gener-
ators x
1
,2 ,xm and relators r1,2, rn , cf. what is said in the previous section and, (ii) for
1)k)l, the attaching map p
k
of the kth 3-cell f
k
assigns an identity among relations i
k
to
f
k
representing the element of the second homotopy group n
2
(‰2) of the 2-skeleton ‰2 of
‰ which is killed by f
k
. Recall that an identity among relations is a formal expression
i"z
1
re1
j1
z~1
1 2zt r
e
t
jt
z~1
t
, (3.1.2)
each z
k
being a (reduced) word in the generators and hence an element of the free group F on
the generators, subject to the condition that the word in the generators of F arising from
substitution of each w
j
for r
j
in the right-hand side of (3.1.2) reduces to the trivial element
of F.
To spell out the Kan group K"K‰ for ‰, we do not distinguish in notation between
the values of the characteristic maps of the cells under the twisting function t from S
1
‰ to
K and the based homotopy classes in the spine S they correspond to. With these
preparations out of the way, the group K is the free simplicial group with K
0
"F, with
K
1
the free group on m#n generators s
0
(x
1
),2 , s0(xm ), r1,2 , rn, the rk being non-degener-
ate, with K
2
the free group on 2n#m degenerate generators
s
0
(r
1
),2, s0(rn), s1(r1),2 , s1(rn), s1s0(x1),2, s1s0(xm) (3.2.1)
together with l non-degenerate generators
i
1
,2 , il (3.2.2)
and, for q*3, K
q
is free on a certain number of degenerate generators. Moreover, the only
face operators which are not determined by the simplicial identities are
d
0
(r
j
)"e, d
1
(r
j
)"w
j
3K
0
, d
0
(i
k
)"e, d
1
(i
k
)"e,
d
2
(i
k
)"(s
0
z
k,1
)rek,1
jk,1
(s
0
z
k,1
)~12(s0zk,tk)r
e
k,tk
jk,tk
(s
0
z
k,tk
)~13K
1
, e
k,tj
"$1,
and the degeneracy operators are completely determined by the simplicial identities as well.
Here each i
k
is an identity among relations of the kind
i
k
"z
k,1
rek,1
jk,1
z~1
k,1 2zk,tkr
e
k,tk
jk,tk
z~1
k,tk
. (3.2.3)
The notation e
k,tj
"$1 will not conßict with the notation ej ( j*0) for coface operators, cf.
Section 1 above. We note that, being viewed as an element of K
2
, i to be an identity among
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relations means precisely that d
1
d
2
(i)"e. The resulting cosimplicial manifold
H"Hom(K,G) has H
0
"Gm, H
1
"Gn‘m, H
2
"G2n‘m‘l, etc., the coface and codegener-
acy maps being determined by the simplicial structure of K spelled out above.
Recall from the previous section that the relators determine a word map r from Gm to Gn;
the geometric realization of the cosimplicial space Hom(K‰2, G) is then the homotopy Þbre
of r. Likewise an identity among relations i of the kind (3.1.2) induces a map from
Hom(K‰2,G) into )G in the following way: First, i induces the word map
i :Gm]GnPG (3.3)
which assigns to (a, b) the element i(a, b) of G arising from
(a, b)"(a
1
,2, am , b1,2 , bn)
by substitution of a
j
for each occurrence of x
j
and of b
k
for each r
k
in the expression for the
identity among relations i, that is to say, in the corresponding expression of the kind as that
on the right-hand side of (3.1.2), whence the notation i for this map; here we have to keep in
mind that, for 1)k)s, each z
k
is itself a word in the x
j
Õs. Since i is an identity among
relations, for every a"(a1,2, am )3Gm, we have
i(a, r(a))"e. (3.4)
Consider the space Gm]Map(I,Gn). For a point (a, /)"(a
1
,2 , am, /1,2 ,/n) in this
space, deÞne the map
i‡(a, /) : *
1
"I"[0,1]PG (3.5.1)
by
i‡(a, /) (t)"i (a,/ (t)) ("i (a
1
,2, am ,/1 (t),2, /n(t))). (3.5.2)
When (a, /) lies in the subspace DHom(K‰2, G)D, each /
j
(0) is just e and each /
j
(1) equals
r
j
(a) whence, since i is an identity among relations,
i (a
1
,2, am,/1(1),2 , /n(1))"e,
that is to say, i‡(a,/) is a loop in G. Consequently the assignment to (a,/) in DHom(K‰2, G)D
of i‡(a,/) yields a map
i‡ : DHom(K‰2,G)DP)G (3.5)
where )G is viewed as the subspace of closed paths in Map(I,G) having e as starting point
and endpoint. A slightly di⁄erent description of the map i‡ arises from the observation that i,
written out in the form (3.1.2), induces a homomorphism of free simplicial groups fromKS2
to K‰2 which is given by the assignment of
(s
0
z
1
) re1
j1
(s
0
z
1
)~12(s0zt) r
e
t
jt
(s
0
z
t
)~13K
1
"K
1
(‰2)"K
1
(‰)
to a free generator of the free cyclic group K
1
(S2). This homomorphism induces the map
i‡ from DHom(K‰2,G)D to DHom(KS2, G)D")G.
To spell out our next statement, we recall from Proposition 2.3 that the geometric
realization DHom(K‰2, G)D of the cosimplicial space Hom(K‰2,G) arising from the 2-
skeleton ‰2 of ‰ is the subspace of the space
Gm]Map(I,Gn)
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which consists of pairs (a, /) satisfying the conditions
/(0)"e, / (1)"r(a)"(r
1
(a),2 , rn(a)). (3.6.1)
We now suppose that, for simplicity, ‰ has only a single 3-cell f (so that l"1) and hence
that only a single identity among relations i is coming into play. For example, a closed
3-manifold always admits a cell decomposition with (a single 0-cell and) a single 3-cell; in
this case, then, necessarily m"n.
THEOREM 3.6. „he geometric realization DHom(K‰, G)D is the subspace of the space
Gm]Map(I, Gn )]Map(*
2
, G)
consisting of triples (a,/,t) satisfying the conditions (3.6.1) and
te0"e"te1, te2"i ¡ (a, /). (3.6.2)
Furthermore, the canonical projection from DHom(K‰,G)D to DHom(K‰2, G)D is the obvious
map forgetting the component t; it is a Þbration with Þbre a copy of Mapo(S2,G).
Here e0, e1 and e2 refer to the corresponding coface operators (cf. Section 1 above).
Proof. The map (1.9.2) for q"3 boils down to the map i‡, and, by virtue of (1.9), the
geometric realization DHom(K‰, G)D of the cosimplicial space Hom(K‰,G) is the homotopy
Þbre of i‡. K
The statement of the proposition makes the structure of the homotopy Þbre explicit.
4. FORMS ON SPACES OF REPRESENTATIONS
In this section we construct a certain pairing, (4.12) below, which will be a crucial
ingredient for the construction of de Rham forms on our principal space of interest, the
realization of the cosimplicial space H"Hom(K, G).
Let % be a Þnitely generated groupoid, for example a group. In the sequel, no
simpliÞcation would be gained if we restricted consideration to the special case where % is
a group but allowing for groupoids here will leave more freedom elsewhere. Write
(C
‡
(%), L
‡
) and (C‡(%), d‡) for the complexes of normalized chains and cochains, respective-
ly, on its nerve N%; these coincide with the complexes of chains and cochains of the
inhomogeneous reduced normalized bar construction of Z%, respectively, We use the dummy
symbol fl to distinguish bar resolution and hence group or groupoid (co)-homology degree
from form degree which will be written *. Further, let G be a connected Lie group; the
extension of the construction to be given below to general non-connected Lie groups will be
studied elsewhere. View G as a groupoid with a single object, and consider the space of
groupoid homomorphisms H"Hom(%,G). This space is not necessarily smooth at every
point (since relations among elements of % entail in general singularities in H), and the
interpretation of de Rham forms will in general require some care. However in the present
paper we need only the special case where % is free so that H amounts to a product of
Þnitely many copies of G.
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Equivariant de Rham forms on H may be constructed in the following way: Given
a k-tuple [x
1
Dx
2
D2Dx
k
] of elements of %, k*1, and an equivariant de Rham form
a3)i,j
G
(Gk), i, j*0, the evaluation map
E
*x1Dx2 D2 Dxk+
: Hom(%, G)PGk, /´ (/(x
1
), 2,/(xk)), (4.1)
yields the form
E*
*x1 Dx2 D2 Dxk+
(a)3)i,j
G
(Hom(%,G)). (4.2)
This construction can be formalized in the following way:
Let k*0, and consider the di⁄erential graded algebra
)*(Hom(%,G)]%k)")*(Hom(%,G))?Ck(%). (4.3)
The evaluation map E from Hom(%,G)]%k to Gk is compatible with the obvious G-actions
and induces a morphism
E*, *: ()*, *
G
(Gk), d, d
G
)P()*, *
G
(Hom(%,G)); d, d
G
)?Ck(%) (4.4)
of equivariant de Rham algebras. Here d refers to the ordinary de Rham operator. For
intelligibility, we recall that, for an arbitrary G-manifold M, in bidegree (2j, k), the bigraded
object )*,*
G
(M) consists of )k(M)-valued polynomials of degree j on the Lie algebra g of
G and, on such a polynomial a of degree j, the operator d
G
is given by the formula
(d
G
(a))(X)"!i
XM
(a(X)), X3g,
where X
M
refers to the vector Þeld on M coming from X3g via the G-action on M; in
bidegree (2j!1, k), the bigraded object )*,*
G
(M) is zero. See e.g. [28] for details. This
construction is applied here to the GkÕs, k*1. As k varies, the maps (4.4) assemble to
a morphism
()*,*
G
(G‡) ; d, d
G
,d‡)P()*,*
G
(Hom(%,G)); d, d
G
) ? (C‡(%), d‡) (4.5)
of tricomplexes; in a given tridegree (i, j, k), it goes from )i,j
G
(Gk) to )i,j
G
(Hom(%,G))?Ck(%).
For each bar complex degree k, pairing with chains in C
k
(%), we obtain the graded bilinear
pairing
S ) , )T : (()*,*
G
(H); d, d
G
)?Ck(%))?C
k
(%)P()*,*
G
(H); d, d
G
) (4.6)
which is compatible with the operators d and d
G
and, for every u3)*,*
G
(H)?Ck(%) and
every v3C
k‘1
(%), satisÞes
Su, L
‡
vT"(!1)k‘1Sd‡u, vT, (4.7)
where the right-hand side refers to (4.6) for k#1 rather than k; here the sign (!1)k‘1 is
forced by the Eilenberg—Koszul convention for the di⁄erential on a Hom-complex. Com-
bining (4.6) with (4.5) and abusing the notation S ) , )T slightly, we then obtain the pairing
S ) , ) T : ()*,*
G
(G‡); d, d
G
, d‡)?(C
‡
(%), L
‡
)P()*,*
G
(H); d, d
G
) (4.8)
which is compatible with the operators d and d
G
and, moreover, satisÞes
SQ, L
‡
cT"(!1)k‘1Sd‡Q, cT, Q3)*,*
G
(Gk), c3C
k‘1
(%), (4.9)
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whatever k*0. Thus pairing a form Q in )*,*
G
(G‡ ) against a chain c in C
‡
(%), we obtain the
form SQ, cT in )*,*
G
(H). We need an explicit expression for the value DSQ, cT in terms of
Q and c of the total di⁄erential D on the right-hand side of (4.8). There is no real obstacle to
calculating this value in terms of the pairing (4.8) and the operators d, d
G
, d‡, and L‡ , but
since (4.8) does not behave as a pairing of chain complexes for the operators d‡ and L‡ , cf. (4.9),
this calculation is somewhat of a mess. (Since (4.8) does not behave as a pairing of chain
complexes, there is more than just a sign problem here.) The cure is provided by an
extension of the construction which leads to the formula (4.15) below: Recall that, for an
arbitrary di⁄erential graded coalgebra C with diagonal * and arbitrary ground ring R — in
fact, instead of R, we could take an arbitrary di⁄erential graded algebra here — the cap
pairing
W : Hom(C,R) ?CPC
is given by the composite
Hom(C,R)?C I$c*&&"Hom(C,R) ?C?C %7cI$C&&"R ?C&": C
where ÔÔevÕÕ denotes the evaluation pairing. We now take for C the inhomogeneous reduced
normalized bar construction of %; we then obtain the cap pairing
(C‡ (%), d‡) ? (C
‡
(%), L
‡
)P(C
‡
(%), L
‡
)
inducing on homology the cap pairing
W :H‡ (%)?H
‡‘l
(%)PHl (%), l*0.
Tensoring the identity morphism with the cap pairing, we obtain an extension
Id?W : ()*,*
G
(H); d, d
G
) ? (C‡(%), d‡ )? (C
‡
(%), L
‡
)P()*,*
G
(H);d, d
G
)? (C
‡
(%), L
‡
) (4.10)
of (4.6) above which is compatible with all the operators coming into play and hence induces
a pairing
D ()*,*
G
(H);d, d
G
)D? (C‡(%), d‡ ) ? (C
‡
(%), L
‡
)PD ()*,*
G
(H); d, d
G
) D? (C
‡
(%), L
‡
) (4.11)
of the chain complexes resulting from totalization, which we write D ) D.
Recall that the total di⁄erential on D ()*,*
G
(H); d, d
G
) D is simply the sum d#d
G
. When we
combine (4.10) with (4.5), we obtain the pairing
S ) , ) T : ()*,*
G
(G‡ ); d, d
G
, d‡ ) ? (C
‡
(%), L
‡
)P()*,*
G
(H); d, d
G
)? (C
‡
(%), L
‡
) (4.12)
which is compatible with all the operators and induces a pairing
S ) , ) T : D ()*,*
G
(G‡); d, d
G
, d‡) D ? (C
‡
(%), L
‡
)PD ()*,*
G
(H); d, d
G
) D ? (C
‡
(%), L
‡
) (4.13)
of the chain complexes resulting from totalization. We remind the reader that, for every
(i, j, k), on the homogeneous component )i,j
G
(Gk), the total di⁄erential d
G
on
D ()*,*
G
(G‡); d, d
G
, d‡ ) D is given by
d
G
"d#d
G
#(!1)i‘jd‡. (4.14)
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Occasionally we will write this total complex in the form (D)*,*
G
(G‡ )D, d
G
). The compatibility
property of (4.13) means that, when D refers to the tensor product di⁄erential on the
right-hand side D ()*,*
G
(H); d, d
G
) D ? (C
‡
(%), L
‡
) of (4.13), for Q3D)*,*
G
(G‡ ) D and c3C
‡
(%),
DSQ, cT"Sd
G
Q, cT#(!1)@Q@SQ, L
‡
cT (4.15)
where DQ D denotes the total degree of Q. Notice that, in a given quadruple degree
(i, j, k, k#l), (4.12) goes from )i,j
G
(Gk) ?C
k‘l
(%) to )i,j
G
(H)?Cl(%).
The pairing (4.12) and hence (4.13) is natural, in fact covariant, in the variable % but
notice that % also occurs in H"Hom(%,G) so that the forms )*,*
G
(H) are also covariant
in %.
5. EQUIVARIANT FORMS ON THE SIMPLICIAL MODEL OF THE CLASSIFYING SPACE
In this section we spell out an explicit construction of forms of the kind mentioned in its
title. These constitute another ingredient for the construction of de Rham forms on our
principal space of interest.
The total complex D ()*,*
G
(G‡ ); d, d
G
, d‡) D"(D)*,*
G
(G‡ ) D, d
G
) inherits a di⁄erential graded
algebra structure in the following way: For each pairs (i, j) and (i@, j @ ) of bidegrees and for
each k, k@, consider the canonical pairing
) i, j
G
(Gk)?) i{, j{
G
(Gk{)P) i‘i{, j‘j{
G
(Gk]Gk{)
it amounts to the dual of the Alexander—…hitney map for the ordinary bar construction.
These pairings induce the di⁄erential graded algebra structure which we are looking for. It
is natural in terms of the data.
The di⁄erential graded algebra (D)*,*
G
(G‡) D, d
G
) computes the equivariant real cohomo-
logy algebra of the classifying space BG for G where G acts on BG via conjugation. To recall
what this cohomology looks like, until the end of this section, we suppose that G is compact;
the general case may as usual be reduced to this one by means of a maximal compact
subgroup. Let Ig be the graded algebra of invariant polynomials on g, where g is endowed
with degree 2 as usual; this algebra of invariant polynomials is well known to be itself
a Þnitely generated polynomial algebra. Inspection of the Serre spectral sequence for the
Borel construction EG]
G
BG shows at once that the equivariant cohomology algebra
H*
G
(BG) of BG is isomorphic to Ig? Ig; this is presumably well known (I could not Þnd
a reference) and reßects the fact that conjugation induces the trivial G-action on H*(BG).
In particular, every class in H*(BG) has an equivariantly closed representative in the
total complex (D)*,*
G
(G‡) D, d
G
), that is, the restriction mapping from (D)*,*
G
(G‡ ) D, d
G
) to
D ()*(G‡), d, d‡) D induces a surjection from H*
G
(BG) to H*(BG) on cohomology.
To introduce notation we brießy reproduce ShulmanÕs construction of explicit gener-
ators: The nerve NG of G is the simplicial manifold having NG
q
"Gq, for q*0; over each
NG
q
, the space NG
q
"Gq‘1 serves as the total space of a topologically trivial principal right
G-bundle
m
q
: NG
q
PNG
q
, m (x
0
, x
1
,2,xq)"(x0x~11 , x1x~12 ,2,xq~1x~1q )
and, NG"(NG
0
,NG
1
,2) being endowed with a suitable simplicial structure, these consti-
tute a simplicial principal G-bundle m"(m
0
, m
1
,2) over the simplicial manifold NG; its
geometric realization is a model for the universal principal G-bundle EGPBG over the
classifying space BG [22, 57]. Let Q be a homogeneous invariant degree r polynomial on g.
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ShulmanÕs simplicial Chern—Weil construction [9, 11, 22 (Lemma 3.8), 59], applied to the
universal simplicial principal G-bundle m, yields forms
Qr,r3) r(Gr ), Qr‘1,r~1 3 )r‘1(Gr~1),2 , Q2r~1,1 3 )2r~1(G), (5.1)
and the sum Qr,r#2#Q2r~1,1 is a closed element of D ()*(G‡); d, d‡) D which represents the
class [Q]3H2r(BG) ("H2r(NG)) arising from Q. More precisely, for each q*1, *
q
denoting
the standard aƒne q-simplex, the Maurer—Cartan form yields a connection on the corre-
sponding (trivial) principal G-bundle
*
q
]m
q
:*
q
]NG
q
P*
q
]NG
q
having curvature F
q
3)2(*
q
]NG
q
, ad(*
q
]m
q
)) and, for 1)q)r,
Q2r~q,q"P*qQ(Fq)3)2r~q(Gq).
Note that Q2r~1,1 is a closed form on G representing the generator of H2r~1(G) which
transgresses to the class [Q] in H2r(BG).
As observed in [35], the equivariant Chern—Weil construction [7] yields explicit
equivariant extensions of these forms: Given a Lie group H and an arbitrary H-equivariant
principal G-bundle m : PPM, for an H-equivariant connection on m with connection form
03)1(P, g)H, deÞne the moment k"k03)2,0(M, ad(m)) of the connection by
k : hP)0(M, ad(m))"C=(P, g)G, k (X)"0 (X
P
)
where X
P
denotes the vector Þeld on P induced by X. Then an invariant degree r poly-
nomial Q on g determines the closed form
Q(F#k)"QI 0, 2r#QI 2, 2r!2#2#QI 2r, 03D)*,*
H
(M) D2r
where QI i, j 3 ) i, jH (M). When we apply this to the principal G-bundle *q]mq with H"G
acting by conjugation, with the notation k
q
3)2,0(*
q
]NG
q
, ad(m
q
)) for the corresponding
moment, we obtain the closed form
Q(F
q
#k
q
)"QI 0, 2r#QI 2, 2r!2#2#QI 2r, 03D)*,*
G
(*
q
]NG
q
) D2r
where Qi, j3) i, j
G
(*
q
]NG
q
), and integration yields the forms
Q0,2r~q,q"P*qQI
0, 2r3)0,2r~q(Gq)
Q2,2r~2~q,q"P*qQI
2, 2r!23)2,2r~2~q(Gq)
2
Q2r~q,0,q"P*qQI
2r!q, q3)2r~q,0(Gq) if q is even
Q2r~q~1,1,q"P*qQI
2r!q!1, q#13)2r~q~1,1(Gq) if q is odd.
574 J. Huebschmann
For an invariant polynomial Q on g of degree r, write
)
Q
"&Q2i,j,q, 2i#j#q"2r, q)2i#j, q)r. (5.2)
This is a closed element of D ()*,*(G‡); d, d
G
, d‡ ) D representing a class [)
Q
]3H2r
G
(BG).
PROPOSITION 5.2. For every invariant polynomial Q on g of degree r, the class
[)
Q
]3H2r
G
(BG) restricts to the class [Q]3H2r(BG) arising from Q. Furthermore, when Q runs
through a set of polynomial generators of Ig, the classes [)
Q
], together with the elements
Q viewed as elements of )*,0(G0), constitute a set of polynomial generators of
H*
G
(BG)"H*D ()*,*(G‡ ) ; d, d
G
, d‡ ) D.
Proof. The Þrst statement is immediate. The ÔÔFurthermoreÕÕ clause is an immediate
formal consequence thereof. K
For example, let Q be an invariant symmetric bilinear form on g, so that r"2. The
above construction then yields
Q0,3,13)0,3
G
(G), Q2,1,13)2,1
G
(G) for q"1,
Q0,2,23)0,2
G
(G]G), Q2,0,23)2,0
G
(G]G) for q"2,
and their sum is a closed 4-form in the total complex D ()*,*(G‡) ; d, d
G
, d‡) D. The element
Q0,3,1 is the fundamental 3-form on G constructed by Cartan.
The singular cochains C*(G) of G constitute a Hopf algebra, the requisite diagonal map
being induced by the multiplication mapping on G by means of the shu§e map, and it is
well known and classical that the cobar construction on C*(G) yields a model for the
(singular) cochains on BG. The bar de Rham bicomplex ()*(G‡ ) ; d, d‡) serves as a replace-
ment for the cobar construction on the di⁄erential graded algebra )*(G) of forms on
G which is not available in the strict sense; while the multiplication mapping of G induces
a map from )*(G) to )*(G]G) we cannot algebraically project down the latter to
)*(G)?)*(G) in such a way that a coalgebra structure on )*(G) results. The bar de Rham
bicomplex may be viewed as a completed cobar construction.
6. THE NERVE AND ITS HOMOLOGY
Let K be a free simplicial groupoid. The nerve or simplicial bar construction NK of
K carries the structure of a bisimplicial set, one simplicial structure coming from that of
K and the other one from the nerve construction. We now elucidate various chain
complexes arising from NK which will be needed in the next section. In Section 11,
Proposition 6.10 below will be an ingredient for the construction of forms on our space of
principal interest.
Write C
‡
(%) and C‡ (%) for the normalized Eilenberg—Mac Lane chains and cochains,
respectively, of an ordinary groupoid % so that C
‡
(%)"C
‡
(N%) and C‡ (%)"C‡ (N%).
The nerve NK determines a bicomplex CNK of chains which are normalized in the
fl-direction; it has the form
CNK"(C
‡
(KA), L‡ , LA ). (6.1)
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Its vertical di⁄erentials LA are induced by the alternating sums of the face operators induced
by the simplicial structure of K"MKAN and its horizontal ones L‡ by the alternating sums of
the face operators induced by the nerve construction for K
q
separately for each K
q
.
Normalization in the A-direction yields the bicomplex
(CM
‡
(KA), L‡ , LA ) (6.2)
where the notation L
‡
, LA is abused. Its total complex
DNK D"(DCM NK D, L)"D (CM
‡
(KA ), L‡ , LA ) D
has DNK D
0
"Z and
DNK D
r
"CM
r
(K
0
)=CM
r~1
(K
1
)=2=CM
1
(K
r~1
), r*1, (6.3)
and the total di⁄erential L is given by
L"L
‡
#LE (6.4)
where on elements of CM
k
(K
r~k
) the operator LE may be written
LE"(!1)kLA :CM k(Kr~k )PCM k(Kr~k~1). (6.5)
Note that, by normalization, C
0
(K
r
) is zero for r*1. Thus for
c"c
r,0
#c
r~1,1
#2#c
1,r~1
, c
k,q
3CM
k
(K
q
), (6.6)
we have
L(c)"L
‡
(c)# +
k‘q/r
(!1)k LAck,q
"L
‡
(c
r,0
)#(!1)r~1LA (cr~1,1)
#L
‡
(c
r~1,1
)#(!1)r~2LA (cr~2,2)#2
#L
‡
(c
2,r~2
)#LA (c1,r~1). (6.7)
For intelligibility, terms have been grouped here in such a way that
L
‡
(c
r,0
)#(!1)r~1LA(cr~1,1)3CM r~1(K0)
L
‡
(c
r~1,1
)#(!1)r~2LA (cr~2,2)3CM r~2(K1)
etc. This will elucidate somewhat the construction of the cycle c
K
in (11.3.2) below. We
mention in passing that we could have taken as well the corresponding unnormalized
objects; taking the normalized ones will be more convenient in (6.9) and (6.10) below and, in
particular, in Section 7 below.
We now suppose that K is the Kan groupK‰ of a reduced CW-complex ‰. Since K is
a loop complex for ‰, the map o from ‰ to BDK D given in Section 1 above is a homotopy
equivalence. Moreover, the space BDK D is homeomorphic to the geometric realization DNK D
of NK as a bisimplicial set. Here and henceforth we use the same notation DNK D for the
realization, which is a space, and for the corresponding chain complex arising from
normalization and totalization. As CW-complexes, the spaces BDK D and DNK D are not the
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same, though, and the cell decomposition of DNK D must be reÞned, in the same way as the
canonical homeomorphism between the realization DS
1
]S
2
D of the product of two sim-
plicial sets S
1
and S
2
and the product DS
1
D]DS
2
D of the realizations will be a cellular
isomorphism only after reÞnement of the decomposition of DS
1
]S
2
D; cf. [55] for details. It
follows that the homology of DNK D coincides with that of ‰. However there is a much more
direct way to identify the homology of DNK D with that of ‰. Since this explicit identiÞcation
will be needed in (11.3) below, we now explain it. First we observe that, for A Þxed, since each
KA is a free group, the chain complex (6.1) amounts to an exact sequence
0QH
1
(KA )Q
eA C
1
(KA )Q2QCk (KA )Q2 . (6.8)
Further, when (6.1) is viewed as a simplicial chain complex, with simplicial structure in the
A-direction, this structure passes to the collection H
1
(KA )"MH1 (Kq)Nq*0 and endows it
with a simplicial abelian group structure. Here we have written eA for the projection from
the space of 1-cycles to homology. For q*0, denote by KM
q
the free group generated by the
degree q generators, that is, by the non-degenerate basis elements of K
q
. By construction,
the normalized chain complex DH
1
(KA ) D of H1(KA ) has
DH
1
(KA ) Dq"H1 (KM q)"(KM q)A" Cq‘1(‰), q*0, (6.9)
where C
*
(‰) refers to the cellular chains on ‰. Furthermore, H
0
(KA )"MH0(Kq)Nq*0
amounts to the free simplicial abelian group generated by a single point.
PROPOSITION 6.10. „he canonical projection map from (6.1) onto H
1
(KA ) induced by
eA together with the canonical map from DNK D0"Z onto C0 (‰)"Z passes to a deformation
retraction from DNK D onto C
*
(‰) which is natural in ‰.
Proof. The canonical projection map from (6.1) onto H
1
(KA) induced by eA yields
a deformation retraction from the totalization D (C
‡
(KA ), L‡, LA) D onto the totalization of
H
1
(KA). A little thought reveals that this implies the claim. K
Note. The normalization CM
‡
(KA ) contains C‡
(KM A ) in an obvious fashion but does not
coincide with it since products of degenerate free generators are in general non-degenerate.
7. FORMS ON SPACES OF REPRESENTATIONS OF FREE SIMPLICIAL GROUPOIDS
Let K be a free simplicial groupoid. Any cosimplicial manifold M"MMAN gives rise to
a simplicial di⁄erential graded de Rham algebra )M"()* (MA ), d,2), cf. [10]. Here, for
q*0, )j (M
q
) is the vector space of j-forms on M
q
, the operator d is the de Rham operator
on M
q
, and 2 stands for the operators between the ordinary de Rham algebras induced by
the cosimplicial structure. In particular, this is true of the simplicial di⁄erential graded
algebra )H of de Rham forms on the cosimplicial manifold H"Hom(K, G). In this
section, we explain how the construction of forms given in Section 4, combined with what
has been said in Section 6 about chains for the nerve of K, yields equivariant forms in the
realization of )H when the forms are paired against chains. A precise statement is given in
Lemma 7.8. We apologize for the level of technicality needed to obtain these equivariant
forms. At the end of this section we show how a standard construction yields a graded
algebra structure on the realization of )H which endows it with a di⁄erential graded
algebra structure. Thus we obtain a di⁄erential graded algebra of equivariant forms.
THE KAN CONSTRUCTION AND LATTICE GAUGE THEORY 577
Since K is assumed to be free (as a simplicial groupoid), for any k*0, the product
Hom(K,G)]Kk inherits a canonical cosimplicial-simplicial manifold structure (if K were
not free singularities could arise in Hom(K,G)); moreover, the canonical evaluation map
E : Hom(K,G)]KkPGk
is well deÞned and smooth in the sense that, for each (simplicial) degree q, the corresponding
component
E
q
: Hom(K
q
,G)]Kk
q
PGk
is smooth. Thus we can apply what has been said in Section 4, with the role of the evaluation
map E now being played by the E
q
Õs. For each simplicial degree q, with %"K
q
, the pairing
(4.12) takes the form
()*,*
G
(G‡ ); d, d
G
, d‡ )? (C
‡
(K
q
), L
‡
)P()*,*
G
(H
q
) ; d, d
G
) ? (C
‡
(K
q
), L
‡
), (7.1)
and these assemble to the pairing
()*,*
G
(G‡ ); d, d
G
, d‡) ? (C
‡
(KA), L‡)P()*,*G (HA );d, dG) ? (C‡ (KA ), L‡ ). (7.2)
The left- and right-hand side of (7.2) both inherit a simplicial structure from that of K; in
fact, on the left-hand side we have such a structure on C
‡
(K) and, on the right-hand side, the
induced cosimplicial structure on H"Hom(K,G) induces a simplicial structure on
()*,*
G
(H); d, d
G
). The naturality of the constructions implies that (7.2) is compatible with
these structures, whence we arrive at the pairing
()*,*
G
(G‡ ); d, d
G
, d‡) ? (C
‡
(KA ); L‡ , LA )P([()*,*G (HA); d, dG) ? (C‡(KA), L‡)], LA) (7.3)
compatible with all the operators. In a given quintuple degree (i, j, k, k#l, q), this pairing
goes from ) i, j
G
(Gk) ?C
k‘l
(K
q
) to ) i,j
G
(H
q
) ?Cl(Kq). We note that, with reference to the
A-grading, ()*,*
G
(H
‡
); d, d
G
)? (C
‡
(KA ), L‡) is the graded object underlying the diagonal of
a certain bisimplicial object; we have chosen the brackets ÔÔ [ ÕÕ and ÔÔ ] ÕÕ on the right-hand
side of (7.3), with the operator LA outside these brackets to indicate this.
The normalization ()1 *,*
G
(HA ); d, dG, LA )"()*,*G (HA)/)*,*G (HA)$%’%/ ; d, dG, LA) of
()*,*
G
(HA ); d, dG, LA ) is the quotient of the latter by the appropriate degeneracy subspace
)*,*
G
(H
‡
)$%’%/ where, for each simplicial degree q*1, the subspace )*,*
G
(H
q
)$%’%/ is the sum
of the images of the degeneracy operators s
j
from )*,*
G
(H
q~1
) to )*,*
G
(H
q
), for
0)j)q!1. Here the notation d, d
G
, LA is abused. Ignoring the equivariant theory for the
moment, we recall [10] that the realization (D)(H) D,D) of )(H)"()* (HA), d, LA) is the total
cochain complex of the normalized bicomplex
)* (H
0
)QLA )1 * (H
1
)QLA 2QLA )1 *(H
q
)QLA 2
whose vertical di⁄erentials are the de Rham operators and whose horizontal ones LA are
induced by the alternating sums of the simplicial operators L
p
:)* (H
q
)P)*(H
q~1
). The
graded module D)(H) D underlying the total complex
D ()* (H), d, LA ) D"(D)(H) D,D)
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of this bicomplex is by deÞnition in degree r the direct sum (not the product) of the )1 p (H
q
)
for p!q"r. Thus
D)(H) Dr") r(H
0
) =)1 r‘1(H
1
) =2=)1 r‘q(H
q
)=2. (7.4)
Notice that when K has a Þnite set of free generators this sum is Þnite in each degree.
Moreover, this construction has an obvious extension
D)
G
(H) D"(D)*,*
G
(H) D,D)"D ()*,*
G
(HA ); d, dG, LA) D
to the equivariant theory so that
D)*,*
G
(H) Dr"D)*,*
G
Dr (H
0
)= D)1 *,*
G
Dr‘1(H
1
) =2= D)1 *,*
G
Dr‘q (H
q
)= 2
The compatibility of (7.3) with all the operators entails that after totalization and normaliz-
ation we arrive at the pairing
D ()*,*
G
(G‡); d, d
G
, d‡) D? DNK DPNA ([D ()*,*G (HA ); d, dG) D ? (C‡ (KA ), L‡ )], LA ) (7.5)
here NA refers to normalization in the A-direction. The generalized Eilenberg—Zilber
theorem [20] yields a natural chain equivalence from the right-hand side of (7.5)
onto (D)*,*
G
(H) D,D) ? DNK D. Hence (7.5) combined with this surjection yields the pairing
D ()*,*
G
(G‡); d, d
G
, d‡) D? DNK DP(D)*,*
G
(H) D,D)? DNK D . (7.6)
When we combine it with the chain map Id? e where e is the augmentation map from DNKD
to the reals induced by the obvious projection from NK to a point, we arrive at the pairing
S ) , )T : D ()*,*
G
(G‡ ) ; d, d
G
, d‡ ) D ? DNK DP(D)*,*
G
(H) D,D) (7.7)
which may be viewed as a kind of cap pairing. The pairing (7.7) can be understood without
explicit reference to the generalized Eilenberg—Zilber theorem: it amounts to the operation
of picking the components of the right-hand side of (7.5) which involve only C
0
(K
‡
) and
ignoring the rest, but the generalized Eilenberg—Zilber theorem provides the appropriate
formal circumstances. The precise geometric analogue of (7.7) for a smooth manifold
M arises from the evaluation pairing from Mapo(M,BG)]M to BG combined with
integration against chains on M and subsequent composition with the chain map induced
by the augmentation map from C
*
(M) to the reals R.
The pairing (7.7) produces equivariant forms on the realization D ()1 *,*
G
(H
‡
); d, d
G
, L
‡
) D in
the following way: Let u*0 and r*1 be non-negative integers, let ) be an equivariant
form, that is, an element of
D ()*,*
G
(G‡); d, d
G
, d‡ ) D"(D)*,*
G
(G‡) D,D)
of total degree u#r, and let c be a chain of DNKD of total degree r*1, written out in the
form (6.6), with reference to (6.3). For k Þxed, let )k3=
i‘j/u‘r~k
) i,j
G
(Gk) be the indicated
component. Then
S), cT"S)1, c
1,r~1
T#2#S)r, cr,0T3D)1 *,*G (HA ) D.
LEMMA 7.8. Suppose that ) and c are closed in D ()*,*
G
(G‡ ); d, d
G
, d‡) D and DNK D, respect-
ively. „hen S), cT is a closed form in
(D)1 *,*
G
(HA ) D, D)"D ()1 *,*G (HA ), d, dG, LA) D
of total degree u.
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Proof. This follows at once from the identity
DS), cT"Sd
G
), cT#(!1)@)@S), LcT.
7.9. „he di⁄erential graded algebra structure on (D)*,*
G
(H) D,D). This structure is similar
to the di⁄erential graded algebra structure on D ()*,*
G
(G‡); d, d
G
, d‡ ) D explained at the begin-
ning of Section 5.
For each pairs (i, j ) and (i@, j@ ) of bidegrees, we have the simplicial vector spaces )i, j
G
(HA )
and )i{,j{
G
(HA ), and for each pair (q, q@) the shu§e map + yields a natural morphism
+ : )i,j
G
(H
q
) ?)i{,j{
G
(H
q{
)P)i,j
G
(H
q‘q{
)])i{,j{
G
(H
q‘q{
)
of vector spaces which, combined with (ordinary) multiplication of forms, yields a pairing
)i,j
G
(H
q
) ?)i{,j{
G
(H
q{
)P)i‘i{,j‘j{
G
(H
q‘q{
).
This pairing endows (D)*,*
G
(H) D, D) with a di⁄erential graded commutative algebra struc-
ture which is natural in the data; by construction, this structure arises from a di⁄erential
trigraded algebra structure.
8. DIFFERENTIABLE STRUCTURE ON THE REALIZATION AND INTEGRATION
Let K still denote a free simplicial groupoid. In this section we Þrst endow the geometric
realization DH D of the spaceH"Hom(K,G) of representations of K in G with an algebra
)*,*
G
(DH D) of equivariant de Rham forms. Thereafter we show that, when K has a Þnite set
of free generators, integration yields a morphism of di⁄erential (bi)-graded algebras, spelled
out as (8.2) below, from the realization D)*,*
G
(H) D of the simplicial de Rham algebra
)*,*
G
(H) to the algebra )*,*
G
(DH D) of equivariant de Rham forms on the geometric
realization of H. Thus, taking equivariant forms of the kind constructed in (7.8) and
applying integration, we obtain equivariant forms on our space DH D of principal interest.
We begin by reviewing a few facts about a purely Þnite dimensional interpretation of
forms on mapping spaces in the framework of di⁄erentiable spaces [16, 17] or, what
amounts to the same, that of ÔÔdi⁄eologicalÕÕ spaces (ÔÔespaces di⁄e« ologiquesÕÕ) [60, 61]. Given
two smooth manifolds X and ‰, a plot for the space of maps from X to ‰ is a map
F:…PMap(X,‰) deÞned on a smooth manifold … whose adjoint F‡ : …]XP‰ is
smooth in the usual sense; the collection of all these plots endows the space Map(X,‰) with
a di⁄erentiable structure. For certain purposes, it would be more appropriate to refer to this
structure as a di⁄erentiable structure on the subspace Smooth(X,‰) of smooth maps since
the union of the F(…)-Map(X,‰) over all plots will be only this subspace; for our
purposes, except in (10.3) below, this distinction is of no account since the inclusion into
Map(X,‰) is a homotopy equivalence. A form on Map(X,‰), then, is the assignment to
each plot F : …PMap(X,‰) of a form on … which is natural for smooth maps in the
domains … of the plots. The collection of all r-forms in this sense is written )r(Map(X,‰)).
The de Rham operator induces an operator on )* (Map(X,‰)) still referred to as a de Rham
operator, and )* (Map(X,‰)) endowed with this operator is a complex. The multiplication
of forms carries over, and we arrive at a di⁄erential graded algebra of forms
()*(Map(X,‰)), d). It calculates the real cohomology of the space Smooth(X,‰) and hence,
since the inclusion into Map(X,‰) is a homotopy equivalence, the real cohomology of the
full mapping space.
With these preparations out of the way, we recall that DH D is a subspace of
H
0
]Map(*
1
, H
1
)]2.
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We say that a map
F :…PDH D
deÞned on a smooth Þnite dimensional manifold … is a plot for DH D provided each
component
F
q
:…PMap(*
q
,H
q
), q*0,
is a plot for Map(*
q
, H
q
) in the sense just described so that its adjoint
F‡
q
:…]*
q
PH
q
is smooth in the usual sense. This notion of plot endows DH D with a di⁄erentiable structure
which, in turn, determines a de Rham algebra of forms ()* (DH D), d) on DH D.
We now suppose that, as a simplicial groupoid, K has a Þnite set of free generators. The
algebra D ()* (H); d, LA ) D is related with the algebra ()* (DH D), d) of forms on the space DH D by
means of integration, in the following way: Pick q*0 and consider the evaluation mapping
from *
q
]Map(*
q
, H
q
) to H
q
. Given a plot F :…PMap(*
q
, H
q
) (for Map(*
q
, H
q
)), along its
adjoint
F‡ :…]*
q
PH
q
,
any (r#q)-form a on H
q
pulls back to the (r#q)-form (F‡ )*a on …]*
q
, and integration
over *
q
yields the r-form
P*q(F‡)*a
on …. This construction is certainly natural in plots and hence yields an r-form on the space
Map(*
q
, H
q
), with its di⁄erentiable structure explained before. We denote the resulting map
by
I
q
: )r‘q(H
q
)P)r (Map(*
q
,H
q
)).
These integration maps I
q
assemble to a morphism
I : D ()* (H); d, LA ) D"(D)* (H) D,D)P()* (DH D), d) (8.1)
of di⁄erential graded algebras, cf. Section 5 of [10]. In fact, let
F"(F
0
, F
1
,2) :…PDH D-H0]Map(*1,H1)]2
be a plot for DH D, and let
(a"a
0
, a
1
,2)
be an r-form in D)H D, so that, cf. (7.4), a
q
3)r‘q(H
q
), for q*0. These forms pull back to the
(r#q)-forms (F‡
q
)*a on …]*
q
, integration over *
q
yields the r-forms
P*q(F‡)*a
on …, and the value of a under I, calculated with reference to the plot F for DH D under
consideration, is simply the sum
+
q
P*q(F‡ )*a
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where summation is over the components of the plot F, these having been indexed by
q earlier. Since K is assumed to have a Þnite set of free generators, this sum is Þnite. In
particular, whenM is a subspace of DH D which is a smooth Þnite dimensional manifold, we
can view it as a plot, and there results a morphism I of di⁄erential graded algebras from
(D)* (H) D,D) to ()* (M), d). Furthermore, the whole construction is G-invariant whence,
with the appropriate notion of G-equivariant plots, we Þnally obtain a morphism
I : D ()*,*
G
(H); d, d
G
, LA ) D"(D)*,*G (H) D,D)P()*,*G (DH D); d, dG) (8.2)
of di⁄erential bigraded algebras.
Remark 8.3. Suppose that K is the Kan groupK‰ of a reduced CW-complex ‰ arising
from a cell decomposition of a smooth manifold. A G-equivariant plot for DH D then admits
a natural interpretation as a G-equivariant family of principal G-bundles with connection:
a G-equivariant plot F :…PDH D, combined with the map ’ given in (1.6) yields a G-
equivariant map from … to Mapo (‰,BG) having a ”smooth” G-equivariant adjoint
FI :…]‰PBG
satisfying FI (w, o)"o. Pulling back via FI the universal G-bundle over BG with its universal
connection yields a G-equivariant G-bundle over …]‰ with a connection. Consequently
a G-equivariant plot F for DH D deÞned on … may be interpreted as a smooth G-equivariant
family of G-bundles with connection on ‰ parametrized by …. This can be made precise by
means of the universal simplicial principal G-bundle with its universal connection repro-
duced in Section 5 above. We do not pursue these issues here.
A cosimplicial space C is said to converge [1, 10, 12], when integration yields a cohomo-
logy equivalence from the cohomology of the realization of the simplicial de Rham algebra
of C to the cohomology of the geometric realization of C. The cosimplicial space H will
rarely have this property; however see Section 10 below.
9. EXTENDED MODULI SPACES FOR A CLOSED SURFACE
Our present aim is to show how the results of [28, 33] may at once be deduced from our
general theory developed so far.
Let & be a closed topological surface of genus l*0, endowed with its customary usual
CW-decomposition with a single 0-cell o, with 1-cells u
1
, v
1
,2, ul, vl, and with a single
2-cell c, and let
P"Sx
1
, y
1
,2,xl, yl ; rT
be the corresponding presentation for the fundamental group n of &. We maintain the same
notation as in Section 2 without repeating it. In particular, K denotes the Kan groupK& of
& with reference to the CW-decomposition of &.
Let Q be an invariant symmetric bilinear form on g, and let
)
Q
"Q0,3,1#Q2,1,1#Q0,2,2#Q2,0,23D)*,*
G
(G‡) D
be the equivariantly closed form (2.2.1) of total degree 4. Since H
2
(&) is inÞnite cyclic, in fact,
generated by the class of c, in view of (3.10), there is a 2-cycle
c
K
"c
2,0
#c
1,1
, c
2,0
3C
2
(K
0
), c
1,1
3CM
1
(K
1
),
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of DNK D which, under the deformation retraction onto the cellular chains of &, goes to the
2-cycle c. It is very easy to manufacture such a 2-cycle: Let c
2,0
3C
2
(K
0
)"C
2
(F) be
a 2-chain with L
‡
c
2,0
"%[x
j
, y
j
]3F; such a c
2,0
exists since %[x
j
, y
j
] is zero in
H
1
(F)"FA"; moreover, let c
1,1
"r3K
1
so that, by construction, LAc1,1"%[xj, yj]3K0.
Then c
K
is closed in DNK D, and SQ, c
K
T is a closed element of D ()*,*
G
(HA ); d,dG, LA ) D of
degree 2. Notice that when l"0 we have c
2,0
"0.
To obtain an extended moduli space, embed the Lie algebra g into Map(*
1
,G) by the
assignment to X3g of the corresponding path t´ exp(tX), let O-g be the subspace where
the exponential mapping is regular, and let MI be the subspace of DH D consisting of pairs
(w,X)3G2l]O so that exp(X)"r(w). This is a smooth Þnite dimensional G-manifold, and
the inclusion F from MI to DH D is a G-equivariant plot. By construction, the equivariantly
closed form
IS)
Q
, c
K
T3D)1 *,*
G
(M ) D
of degree 2 has components
u
c
"ISQ0,3,1, c
1,1
T#ISQ0,2,2, c
2,0
T3)0,2
G
(M)
kA"ISQ2,1,1, c
1,1
T#ISQ2,0,2, c
2,0
T3)2,0
G
(M)
so that kA : gPC= (MI ) is the adjoint of a smooth map k fromMI to g. The requirement that
the sum u
c
#kA be equivariantly closed amounts to the closedness of u
c
in the usual sense
together with the property that
d
G
u
c
"dkA
which is just a reformulation of the momentum mapping property, cf. e.g. Section 7 of [5],
that is, it is equivalent to
u
c
(XMI , ) )"d(X"k), X3g,
where XMI refers to the vector Þeld onMI coming from X3g via the G-action. In particular,
the integration mapping (8.2) from the realization of the equivariant simplicial di⁄erential
graded de Rham algebra of H to the equivariant di⁄erential graded de Rham algebra on
the geometric realization of H provides a natural explanation for the operation of
integration along linear paths in g which in [28, 33] seemed somewhat ad hoc. The term
ISQ2,0,2, c
2,0
T is actually irrelevant and may be ignored; it amounts to a constant modiÞca-
tion of the momentum mapping. When Q is non-degenerate, the momentum mapping
property implies that u
c
is non-degenerate, that is, a symplectic structure, on a G-invariant
open submanifoldM ofMI and that k then is a momentum mapping in the usual sense. The
inclusion F fromM to DH D is still a G-equivariant plot; the triple (M,u
c
,k) is referred to as
an extended moduli space; cf. [28, 33]. Thus the notion of extended moduli space arises here
as a special case of the general notion of equivariant plot.
10. COHOMOLOGY
Let ‰ be a reduced CW-complex with Þnitely many cells, and let K be its Kan group
K‰. In Theorem 10.1 below we give a description of the real cohomology of the geometric
realization of H"Hom(K,G). Thereafter we spell out two illustrations thereof.
Let r*1, let c be a cellular r-cycle of ‰ representing an integral homology class, and let
c
K
be an r-cycle of DNK D which under the deformation retraction onto the cellular chains of
‰ goes to c, cf. (3.10). Given an invariant polynomial Q on g of degree u, with r)2u, let
)
Q
be the closed element (2.2.1) of D ()*,*
G
(G‡ ); d,d
G
, d‡ ) D of degree 2u; by (4.8), S)
Q
, c
K
T is then
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a closed element of (D)*,*
G
(H) D,D) of degree 2u!r. Recall that in Theorem 1.7 we obtained
a weak homotopy equivalence between the space of based maps from ‰ to BG and the
geometric realization DH D of H. Below this realization DH D is viewed as a space with
di⁄erentiable structure in the sense of [16, 17, 60, 61], as explained in Section 8 above.
THEOREM 10.1. As a graded commutative algebra, the equivariant cohomology of each
connected component of DH D and hence of that of the space of based maps from ‰ to BG is
freely generated by the classes of the elements IS)
Q
, c
K
T where Q runs through a set of free
generators for the homogeneous invariant polynomials on g and c through a set of representa-
tives in degree *1 of a basis of the real homology of ‰ subject to the restriction Dc D(2DQ D,
together with the invariant polynomials Q viewed as elements of )*,0
G
(G0),where G0"*,
a single point.
Proof. This is proved by induction on the dimension of ‰, with reference to the Þbration
(1.8.1). The argument is formally the same as that hinted at on p. 181 of [21], cf. also Note
5.1.2 on p. 206. The induction starts with the observation that DHom(K‰1, G) D amounts to
a product of as many copies of G as ‰ has 1-cells and that, for a circle ‰"S1, when
c represents the generator of its Þrst homology group, the element S)
Q
, c
K
T yields the
exterior generator of H2@Q@~1(G) which transgresses to the class of [Q] in H2@Q@(BG). We
leave the details to the reader. K
ILLUSTRATION 10.2. Cohomology of certain moduli spaces. Let ‰ be a closed surface & of
genus l*0, let G"U(n), the unitary group, let Q
1
,2, Qn be a set of polynomial generators
for the algebra of invariant polynomials on u(n), e.g. the Chern polynomials, suitably
normalized, and let )
1
,2,)n be the corresponding closed elements of D ()*,*G (G‡ ); d,dG, d‡) D.
Maintaining the notation in the previous section, for r"1,2, n and j"1,2, l, we get the
elements
f
r
"IS)
r
, c
K
T, D f
r
D"2r!2, r*2,
bj
r
"IS)
r
, u
j
T, Dbj
r
D"2r!1,
bj‘l
r
"IS)
r
, v
j
T, Dbj‘l
r
D"2r!1,
a
r
"Q
r
, Da
r
D"2r, viewed as an element of )2r,0
G
(G0 ).
For each connected component of the space DH D or, in view of the weak homotopy
equivalence between this space and the space Mapo(&,BG) given in Theorem 1.7, for each
space of based gauge equivalence classes of connections of a Þxed topological type (i.e.
isomorphism class) of G-bundles, cf. what is said in Section 1, these forms yield free
multiplicative generators of the real equivariant cohomology ring. In particular, on the
extended moduli spaceMwhich occurs in the previous section as a speciÞc equivariant plot
for DH D, we obtain forms which yield ordinary cohomology classes of moduli spaces of
semi-stable holomorphic vector bundles. When the rank and degree are coprime, in view of
a result of KirwanÕs [43], we obtain in this way a set of multiplicative generators for the real
cohomology rings of these moduli spaces. The generators f
r
and b j
r
coincide with those
constructed in [50] for G"SU(2) and in Section 2 of [4] in general; see also [35]. Likewise,
for genus l"0 and arbitrary connected G, when Q denotes the given invariant symmetric
bilinear form on g so that Q0,3,1 in CartanÕs fundamental 3-form on G, cf. what was said at
the end of Section 5, the resulting 2-form on )G restricts to the Kirillov form on each
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connected component of Hom(S1,G), when identiÞed with the union of all adjoint orbits in
g generated by some X with exp(X)"e.
We note that the element f
1
"IS)
1
, c
K
T (which does not come into play above) actually
has degree zero. It has the following signiÞcance: Under the present circumstances, the
connected components of the space DH D (or, what amounts to the same, of the space
Mapo(&,BG)), are parametrized by H2(&, Z) which is a copy of the integers and, on the kth
connected component (provided these are numbered accordingly), the cohomology class
represented by f
1
has the value k; this value may be identiÞed with the Þrst Chern class of the
corresponding bundle. We do not spell out any details since we will not need them.
When G is simply connected the cosimplicial spaceH"Hom(K&,G) converges, that is,
the integration mapping (8.2) is a cohomology equivalence from the cohomology of the
realization of the simplicial de Rham algebra of H to the cohomology of the geometric
realization of H.
ILLUSTRATION 10.3. „he Chern—Simons function. Here we show how the Chern—Simons
function [18] arises in our framework. It is also possible to develop a corresponding theory
of Chern—Simons character [15] but we postpone this to another occasion. For intelligibil-
ity, we brießy recall the Chern—Simons construction [3, 18]. Let M be a smooth closed
oriented manifold, and consider a G-bundle on I]M with a connection + and curvature
F+ ; we can view this as a family of bundles with connection on M, parametrized by the unit
interval I"[0, 1] or, equivalently, as a path of connections. The Chern—Weil construction
assigns to an invariant homogeneous degree r polynomial Q on the Lie algebra g the
characteristic form Q+ on I]M of degree 2r. Integration along the Þbers of the canonical
projection n from I]M to M yields the secondary Chern—Simons form „Q+ on M of degree
2r!1 having the property
d„Q+"Q+(1)!Q+ (0)
where Q+(0) and Q+(1) are the characteristic forms on M induced by the two embeddings
i
0
:MPI]M and i
1
: MPI]M deÞned with reference to the two end points of I. Given
a (2r!1)-cycle c of M, the assignment to c of the integral :
c
„Q+ yields a real number which
modulo 1 only depends on the gauge equivalence classes of the two connections +(0) and
+(1). Hence given a principal G-bundle m on M and a (2r!1)-cycle c of M, after having Þxed
a connection +
o
on m, on the space of based gauge equivalence classes of connections on m,
we may deÞne a G-invariant function S with values in R/Z in the following way: Assign to
+
o
an arbitrary value S(+
o
) and, given any connection +
1
on m, pick a path + of connections
from +
o
to +
1
; then deÞne the value S (+
1
) by
S(+
1
)"AP
c
„Q+B#S(+o ) mod Z.
When the bundle m is topologically trivial, one usually takes +
o
to be the trivial connection
and S(+
o
) to be zero; for a ßat connection +
1
, the form „Q+ is then closed, and S(+1)
calculates the customary Chern—Simons invariant of the ßat connection +
1
.
Under the circumstances at the beginning of the present section, maintaining the
notation Q for a homogeneous invariant polynomial on g of degree 2r, we now suppose that
c
K
is a (2r!1)-cycle of DNK D which under the deformation retraction onto the cellular
chains of ‰ goes to c, cf. (3.10). Then IS)
Q
, c
K
T is an equivariantly closed 1-form on DH D
with its di⁄erentiable structure, and this 1-form has integral periods. In order to integrate it
to a function into the circle, we must be somewhat more circumspect with the space on
which this function is to be deÞned: As usual, we say that a map from *
q
to a smooth
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manifold M is smooth when it is deÞned and smooth on a neighborhood of *
q
in the ambient
space. We deÞne the smooth realization DH D
4.005)
of H by
DH D
4.005)
"DH D5(GX0]Smooth(*
1
, GX1)]2]Smooth(*
q
,GXq )]2).
The inclusion of DH D
4.005)
into DH D is a weak homotopy equivalence. Now, a (non-
equivariant) plot F : IPDH D deÞned on the interval I is just a path with certain properties
and, after having chosen a base point o of DH D
4.005)
, integration along such a path F from
o to any point x"F(1) of DH D
4.005)
yields a map CS from DH D
4.005)
to S1"R/Z with
CS(o)"1 and CS(x)"P
I
F*IS)
Q
, c
K
T.
The reason why we have to restrict the construction to DH D
4.005)
is that a plot for DH D
deÞned on an interval can only join points of its subspace DH D
4.005)
.
The adjoint of the composite of F with the map ’ from DH D to Mapo(‰,BG) yields
a map from I]‰ to BG and hence, cf. (5.3), a (non-equivariant) G-bundle on I]‰ with
connection. When ‰ arises from a smooth closed oriented manifold M, the value CS(x)
coincides with the value S(+
1
) mentioned earlier. Thus we obtain indeed a combinatorial
version of the Chern—Simons function.
The choice of base point o and subsequent deÞnition CS(o)"1 amounts to a choice of
integration constant. When the connected component of DH D under consideration corres-
ponds to a topologically trivial bundle, there is a canonical such choice. In general, the
ambiguity with the choice of integration constant can be removed by means of the more
reÞned theory of Chern—Simons character [15]. We intend to explain elsewhere how this
theory can be developed within our framework.
11. THE CHERN–SIMONS FUNCTION IN DIMENSION 3
Elaborating on (10.3) in a special case, we now give an explicit purely Þnite dimensional
description of the Chern—Simons function for a 3-manifold: Let ‰ be a 3-complex with
a single 3-cell, for example, a closed compact 3-manifold, endowed with a reduced (cf.
Section 1) CW-decomposition with a single 0-cell o, with 1-cells u
1
,2, um , 2-cells c1,2, cn ,
and (for simplicity) a single 3-cell c, so that
S"Sx
1
,2, xm ; r1,2, rn ; pT (11.1)
is the corresponding spine (3.1) for ‰; in particular,
P"Sx
1
,2,xm ; r1,2, rnT (11.1.1)
constitutes a presentation of the fundamental group n of ‰ so that the attaching map of the
jth 2-cell c
j
assigns an element w
j
in the free group F on the generators to each relator r
j
,
and the attaching map p of the single 3-cell assigns an identity among relations (cf. Section 3
above, just after 3.1.2)
i"z
1
r e1
j1
z~1
1 2zt r
e
t
jt
z~1
t
(11.1.2)
to c representing the element of the second homotopy group n
2
(‰2) of the 2-skeleton ‰2 of
‰ which is killed by the 3-cell c. When ‰ arises from a closed 3-manifold, necessarily m"n.
For 1)j)n, we use the notation r
j
(a) for the element of G arising from a"(a
1
,2, am ) by
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substitution of a
j
for each occurrence of x
j
in the word w
j
corresponding to the relator r
j
,
and we write
r(a)"(r
1
(a),2, rn(a))3Gn.
The assignment to a of r
j
(a) or r(a) (as appropriate) yields smooth maps
r
j
: GmPG and r : GmPGn (11.1.3)
usually referred to as word maps. Likewise the identity among relations (11.1.2) induces
a word map
i :Gm]GnPG (11.1.4)
which assigns to (a, b) the element i(a, b) of G arising from
(a, b)"(a
1
,2, am , b1,2, bn)
by substitution of a
j
for each occurrence of x
j
and of b
j
for each occurrence of r
j
in the
identity among relations (11.1.2) whence the notation i for this map. Since i is an identity
among relations, for every a"(a
1
,2, am )3Gm ,
i(a, r(a))"e. (11.1.5)
See Section 3 above for more details and notation.
Let K"K‰ be the Kan group of ‰. With reference to it, i to be an identity among
relations means precisely that d
1
d
2
(p)"e. As before, we write H for the resulting co-
simplicial space Hom(K,G), with constituents
H
0
"Hom(K
0
,G), H
1
"Hom(K
1
,G), H
2
"Hom(K
2
,G), etc.
Suppose that the 3-cell c, viewed as a cellular 3-chain, is a cycle; its class then necessarily
generates H
3
(‰), and this group is inÞnite cyclic; for example, c will be a cycle when ‰ arises
from a closed orientable 3-manifold. In view of (6.10), there is a 3-cycle
c
K
"c
3,0
#c
2,1
#c
1,2
, c
3,0
3C
3
(K
0
), c
2,1
3CM
2
(K
1
), c
1,2
3CM
1
(K
2
),
of DNK D which under the deformation retraction onto the cellular chains of ‰, cf. (6.10),
goes to c. Let Q be an invariant symmetric bilinear form on g; it determines an equivariant
cohomology class [Q] of BG of degree 4 and hence, via evaluation with respect to the class
of c, an equivariant degree 1 cohomology class of Mapo(‰,BG). The Chern—Simons
function may now be described in the following way:
THEOREM 11.2. For G connected, the bilinear form Q and the choice of cycle c
K
determine
an assignment to every G-equivariant plot
F :…PDH D
of a smooth G-invariant 1-form t on … with integral periods and hence, after a choice of base
point o of … has been made, of a smooth G-invariant map ( from … to the circle S1 with
((o)"1; furthermore, these are natural in G-equivariant plots and represent the Þrst cohomo-
logy class of Mapo(‰,BG) arising from c and Q, cf. (10.1). Moreover, the 1-form t vanishes at
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every point of … which is mapped under F to an element of Hom(n, G), viewed as an element
of DH D in the obvious way.
The ÔÔMoreoverÕÕ statement expresses the fact that the ßat connections are critical points
of the Chern—Simons function. Notice that in the domain … of a plot there may be more
critical points than those which map to elements of Hom(n,G); the fact that the ßat
connections are precisely the critical points of the Chern—Simons function means that the
points x of DH D having the property that, given any plot F :…PDH D, the 1-form t vanishes
for every pre-image y3F~1(x) are precisely the points of Hom(n, G), viewed as a subspace
of DH D.
Before proving this theorem we indicate an explicit construction of the 3-cycle c
K
.
Recipe 11.3. Let c
1,2
"p3CM
1
(K
2
); then
LAp"(s0z1 )re1j1 (s0z1 )~12(s0zt ) retjt (s0zt )~13CM 1 (K1 ) (11.3.1)
and the class of the latter in H
1
(K
1
) is zero. In fact, H
1
(K
1
) is the free abelian group on the
relators r
1
,2, rn and the degeneracies s0x1,2, s0xm of the generators in P, and the
subgroup of H
1
(K
1
) generated by the relators amounts to the group C
2
(‰) of cellular
2-chains of ‰. The assignment to p of the image of LAp in C2(‰) under the map from CM 1(K1)
to H
1
(K
1
) combined with the projection onto C
2
(‰), cf. (6.8) above, is the value of the
boundary Lp3C
2
(‰) under the cellular boundary L : C
3
(‰)PC
2
(‰) and this is zero since
p represents a 3-cycle. However, the image of LA p in H1 (K1 ) lies in the subgroup of H1(K1)
generated by the relators r
1
,2, rn and this subgroup is mapped isomorphically onto C2(‰)
whence the image of LAp in H1 (K1 ) is zero. For intelligibility we display the relevant part
of DNK D.
Since the sequence (6.8) is exact, we conclude that there is a chain c
2,1
3CM
2
(K
1
) with
L
‡
c
2,1
"LAc1,23CM 1(K1).
Next,
L
‡
LAc2,1"LAL‡c2,1"LALAc1,2"0
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whence, again in view of the exactness of (6.8), there is a chain c
3,0
3C
3
(K
0
) with
L
‡
c
3,0
"!LAc2,13C2 (K0 ).
From (6.7) we deduce that
c
K
"c
3,0
#c
2,1
#c
1,2
(11.3.2)
is a 3-cycle of DNK D; this is the 3-cycle which we search. Below we need only its constituents
c
2,1
and c
1,2
.
Proof of „heorem 11.2. Let
)
Q
"Q0,3,1#Q2,1,1#Q0,2,2#Q2,0,23D)*,*
G
(G‡ ) D
be the equivariantly closed form (5.2.1) of total degree 4 determined by Q. Then the result
S)
Q
, c
K
T under the pairing (7.7) is a closed element of D ()*,*
G
(HA ) ; d, dG,L‡ ) D of degree 1, with
components
SQ0,3,1, c
1,2
T3)0,3
G
(H
2
), SQ0,2,2, c
2,1
T3)0,2
G
(H
1
)
SQ2,1,1, c
1,2
T3)2,1
G
(H
2
), SQ2,0,2, c
2,1
T3)2,0
G
(H
1
)
where H
1
"Gn‘m and H
2
"G2n‘m‘1. Recall that, in particular, here SQ0,3,1, c
1,2
T3
)0,3
G
(H
2
) arises from pulling back from CartanÕs form j3)3 (G) via the canonical projec-
tion from H
2
onto its primitive part P
2
"G. Thus, under the present circumstances, the
construction yields the 2-form
a"SQ0,2,2, c
2,1
T3)0,2
G
(H
1
)
having the property that
da"i*j3)0,3
G
(H
1
)
where i refers to the word map (11.1.4) from H
1
"Gm‘n to G induced by the identity among
relations (11.1.2). Notice also that there is no component involving a form on H
0
"Gm. This
component would have to arise from pairing a 1-form on G3 with the component c
3,0
of
c
K
but the (non-equivariant) Shulman construction (5.2.1) yields non-zero j-forms on
Gk only for j*k. This implies in particular that, with reference to the two cosimplicial
operators e0, e1 : H0PH1, the induced forms (e0 )*(a) and (e1)* (a) are zero. Thus (a, j)3
)2 (H
1
)])3(G) is a pair of forms which yields an equivariant form in
D ()*,*
G
(H) ; d, d
G
, L
‡
) D"(D)*,*
G
(H) D,D)
of total degree 1, and, under the integration mapping (8.2), this form passes to an
equivariant 1-form in D ()*,*
G
( DHD ) ; d, d
G
) D.
Let
F :…PDH D
be a G-equivariant plot; its adjoint F‡ has components
F‡
q
:…]*
q
PH
q
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and here only F‡
1
and F‡
2
are relevant since there is no component involving a form on H
0
.
The maps F‡
1
and F‡
2
Þt into the commutative diagram
(11.2.1)
where pr refers to the canonical projection from H
2
onto its primitive part P
2
"G. Now
t"P*2 (prF‡2 )*j#P*1 (F‡1)*a (11.2.2)
is a closed G-equivariant 1-form on … having integral periods since [Q] has integral
periods and hence integrates to a smooth map ( from … to the circle S1 with ((o)"1.
Moreover, )
Q
is equivariantly closed, the term Q2,0,2 is irrelevant, and, for every X3 g, the
value d
G
t(X)"!t(X
W
) is calculated by
dISQ2,1,1, c
1,2
T
where SQ2,1,1, c
1,2
T3)2,1
G
(H
2
) and where d is the de Rham operator; however, for degree
reasons, ISQ2,1,1, c
1,2
T is zero whence, for every X3 g, the value d
G
t (X)"!t(X
W
) is zero
and hence ( is constant on G-orbits, since G is connected, that is to say, ( is G-equivariant.
The ÔÔMoreoverÕÕ statement is a formal consequence of the fact that the form S)
Q
, c
K
T
has no component involving a form on H
0
"Gm. This proves the theorem. K
12. LENS SPACES IN DIMENSION 3
In this section we show how the Chern—Simons invariant for ßat SU(2)-connections over
lens spaces may be computed from our description of the Chern—Simons function.
Let p and q be relatively prime integers and write o"e2ni@p. The lens space ‚(p, q) arises
from the 3-sphere
S3"M(z
0
, z
1
)-C; D z
0
D2#Dz
1
D2"1N
when the action of the cyclic group of order p given by
(z
0
, z
1
)´ (oz
0
, oqz
1
)
is divided out. Let l be an inverse of q modulo p, that is, l is an integer satisfying
lq,1 modp.
As usual, a suitable cell decomposition of ‚ (p, q) leads to the spine
S"Sx; r; iT; r"xp, i"xlrx~lr~1.
The Kan group K for this decomposition then has K
0
free on x, K
1
free on s
0
x and r, K
2
free
on s
1
s
0
x, s
0
r, s
1
r, i, and there are only degenerate generators in higher dimensions. The only
590 J. Huebschmann
face operators not determined by the simplicial group structure are
d
1
(r)"xp, d
2
(i)"(s
0
x)lr (s
0
x)~lr~1,
and these determine the incidence relations in the cell decomposition of ‚(p, q). Thus we
have
H
0
"G, H
1
"G]G, H
2
"G]G]G]G,
and the primitive part of H
2
is a single copy of G which corresponds to i.
Given a G-equivariant plot
F :…PDH D,
the commutative diagram (11.2.1) has the form
where the word map i is given by
i(a, b)"alba~lb~1.
Let G"SU(2), and let O be the open ball in the Lie algebra g of G which is mapped
under the exponential mapping di⁄eomorphically onto GCM!1N. A plot for DH D, deÞned
on …"O, is given by
F
0
: OPG, F
0
(X)"exp(X), F‡
1
:O]IPG]G, F‡
1
(X, t)"(exp (X), exp (tpX)),
with trivial component prF‡
2
. We write o for the trivial homomorphism from n to G and
identify it with the origin of O"….
As usual we identify the Lie algebra su(2) with skew hermitian 2 by 2-matrices of trace
zero. The standard maximal torus „ in SU(2) is a circle group S1; it consists of the matrices
C
f 0
0 fD where D f D"1. Its Lie algebra t is a copy of the real numbers, with basis
a"C
i 0
0 !i D.
Write n"n
1
‚(p, q)+Z/p. Up to conjugation, representations o
n
of n in G are given by
o
n
(x)"C
on 0
0 o6 nD , 0)n)p!1,
and the space of based gauge equivalence classes of ßat connections or, equivalently, the
space Hom(n, G), may now be identiÞed with the union over the conjugacy classes of
the o
n
in SU(2).
To calculate the value of the function ( on …"O at X3O-g, we must integrate the
1-form
t"P
I
(F‡
1
)*a
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(under the present circumstances there is no term involving j, cf. (11.2.2)) along a path from
o to X. To this end, consider the map
b : I]IPG]G, (s, t)>(exp(sX), exp(tpX)).
By construction,
((X)"P
I]I
b*a.
To calculate it, we need an explicit description of a which we now give:
The form Q0,2,23)0,2(G]G) equals the form
)"1
2
u
1
)u6
2
.
Here, for any di⁄erential form a on G, we denote by a
j
the pullback of a to G]G via the
projection to the jth component, u denotes the g-valued, left invariant 1-form on G which
maps each tangent vector to the left invariant vector Þeld having that value, the correspond-
ing right-invariant form is written u6 , and ) stands for the chosen invariant symmetric
bilinear form Q on g; see e.g. p. 740 of [28] for more details. To construct the chain
c
2,1
3C1
2
(K
1
) we follow the recipe (11.3): Recall
c
1,2
"i3CM
1
(K
2
), LAc1,2"[(s0x)
l, r]3CM
1
(K
1
).
We look for a chain c
2,1
3CM
2
(K
1
) with
L
‡
c
2,1
"[(s
0
x)l, r]3CM
1
(K
1
).
However, K
1
is the free group on s
0
x and r. Direct inspection shows that, with the usual bar
notation for the bar resolution for K
1
,
c
2,1
"[(s
0
x)l D (s
0
x)~l]#[r D r~1]![(s
0
x)l D r]![(s
0
x)lr D (s
0
x)~l]![(s
0
x)lr (s
0
x)~l D r~1]
satisÞes this requirement. Each one of the Þve summands in c
2,1
induces a smooth map from
G]G to G]G which we denote by /
1
,2,/5. They are given by
/
1
(a, b)"(al, a~l ), /
2
(a, b)"(b, b~1 )
/
3
(a, b)"(al, b), /
4
(a, b)"(alb, a~l )
/
5
(a, b)"(alba~l, b~1)
where (a, b)3G]G. By construction, then,
SQ0,2,2, c
2,1
T"(/*
1
#/*
2
!/*
3
!/*
4
!/*
5
))
so that
a"SQ0,2,2, c
2,1
T"1
2
(/*
1
#/*
2
!/*
3
!/*
4
!/*
5
) u
1
)u6
2
.
Next we observe that the values of b lie in the product „]„-G]G of a maximal torus
„ in G with itself and, by G-invariance, we may assume that „ is the standard maximal
torus so that „]„"S1]S1-G]G where S1 is the standard circle group mentioned
before. It therefore suƒces to calculate the restriction of a to „]„. Moreover, the values of
the restrictions of /
1
,2, /5 to „]„ also lie in „]„. On „"S1, the forms u and
u6 coincide and actually amount to the standard volume form. Likewise 2)"u
1
)u6
2
,
restricted to „]„, is the standard volume form there. Furthermore, restricted to „]„,
/*
1
)"0, /*
2
)"0,
/*
3
)"1
2
(lu
1
) )u
2
"l),
/*
4
)"1
2
(lu
1
#u
2
) ) (!lu
1
)"1
2
lu
1
)u
2
"l),
/*
5
)"0
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whence, up to sign, a restricted to „]„ equals l times the volume form on „]„.
Consequently
((X)"P
I]I
b*a" lp
4n2 P
I]I
((sX) ) (tX)) ds dt" lp
4n2
X )X.
In particular, for X
n
"2n in/p, we obtain
((X
n
)"ln2
p
.
This is known to be the value of the Chern—Simons invariant of o
n
, cf. [26; 42, Theorem 5.1].
There is a minor problem with this calculation, though, which we now explain: With
the notation u
0
: IPH
1
"G]G for the closed curve in H
1
which assigns u
0
(t)"
(o
n
, exp (ptX
n
)) to t3I, the value F(X
n
) of X
n
in DH D under the plot F : …PDH D is given by
F(X
n
)"(o
n
, u
0
, o)3DH D-H
0
]Mapo(I,H
1
)]Mapo(*
2
, G)
where o refers to the trivial map sending everything to the base point and where the copy of
G in Mapo(*
2
,G) is the primitive part of H
2
"G]G]G]G (which corresponds to the
identity among relations i). Since the second component u
0
is non-trivial—in fact, it
amounts to the closed 1-parameter subgroup in G given by t>exp(ptX
n
)—the value F(X
n
)
does not correspond to a ßat connection, that is, when Hom(n, G) is identiÞed with its image
under the canonical injection into DH D, the value F(X
n
) does not lie in this subspace. To
calculate the di⁄erence between the value of our Chern—Simons function for (o
n
, o
n
, o, o) and
F(X
n
)(modulo Z) we construct a path in DH D from F(X
n
) to the ßat connection (o
n
,o
n
, o, o) in
the following way: Choose a based homotopy / : I]IPG which contracts u
0
"/(0, ) ) to
e3G and write
/
s
(t)"/ (s, t).
Then the association
s>(o
n
, o
n
, /
s
, o)
yields a path in DH D from F(X
n
) to (o
n
, o
n
, o, o). To compute the di⁄erence which we are
looking for, we integrate the 1-form t along this path. To this end, consider a commutative
diagram of the kind
here
u
1
(s, t)"(o
n
,/
s
(t)),
and u
2
is an extension of iu
1
to I]*
2
, where I]*
1
is viewed as a subspace of I]*
2
via the
embedding Id]e2. The composite iu
1
is given by the formula
(iu
1
) (s, t)"ol
n
/
s
(t)o~l
n
(/
s
(t))~1 .
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The di⁄erence between the two values of the Chern—Simons function under discussion
which we search is given by the sum of integrals
P
I]*1
u*
1
a#P
I]*2
u*
2
j.
Modulo Z this will be independent of the choice of extension u
2
. Below we will construct
a suitable extension u
2
explicitly. We now assert that modulo Z this sum is zero. This may
be seen as follows: Extend the map u
1
from I]*
1
"I]I to G]G to a map
u
3
: I3"I]I]IPG]G
by
u
3
(r, s, t)"(exp (1!r)X
n
, /
s
(t)).
Since da"i*j, we then have du*
3
a"u*
3
i*j whence
P
I3
u*
3
i*j"P
'I3
u*
3
a.
The cube I3 has the six faces
I
1
: r"0, I
2
: r"1, I
3
: t"0
I
4
: t"1, I
5
: s"0, I
6
: s"1
Up to sign, the integral of u*
3
a over I
1
equals :
I]*1u*1a. The integrals over I3 and I4 cancel
each other since each /
s
is a closed path; in fact, u
3
may be viewed deÞned on a solid
cylinder with a hole parallel to the s-axis. Straightforward (but tedious) calculations show
the following: (i) The integral of u*
3
a over I
2
is zero. (ii) The integral of u*
3
a over I
5
equals
ln2, up to sign. (iii) The integral of u*
3
a over I
6
is zero. Hence we conclude:
P
I1
u*
3
a#P
I3
u*
3
i*j"$ln2 .
The composite of u
3
with i is a map from I3 to G which has constant value e on the faces
I
2
, I
5
, and I
6
. We can view I3 as a prism I]*
2
when the face I
2
is collapsed to a line parallel
to the s-axis. In particular, we can then take
u
2
"i ¡ u3
as extension of u
1
over I]*
2
. Hence
P
I]*1
u*
1
a#P
I]*2
u*
2
j"$ln2 .
Consequently, the value CS(o
n
) of the Chern—Simons invariant of o
n
is indeed given by
CS (o
n
)"ln2
p
.
While our combinatorial Chern—Simons function is fairly well understood on a concep-
tual level, what remains to be done are more computations.
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